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In order to enhance insight of layered structure, we perform numerical
calculation to obtain the dynamic electric susceptibility in bi-layers
ferroelectrics. Since susceptibility is a parameter which gives response to the
external field, then determination of this parameter is important. A lattice
model is employed to slice bilayer structure into several lattices. Then,
Landau-Khalatnikov equation of motion is used in each lattice to construct a
matrix equation of equation of motion. The solution is obtained by applying
entire-cell effective medium. We find that the homogeneity of dynamic
polarization is different from homogeneity of the single individual layer due
to the existence of interlayer interaction. As a result, the electric
susceptibility is also altered. It is also noticed that there is a relation
between the homogeneity of dynamic polarization and the value of electric
susceptibility near resonant frequency. The higher the homogeneity, the
bigger the values of susceptibility will be.

Polarization
Bilayer Ferroelectrics

1. Introduction
Ferroelectric is defined as a dielectric which has
an electric polarization without the existence of an
external electric field. The popular example of this
kind of material is BaTiO3. Since this material has
potential application such as ferroelectric random
access memory (FE-RAM) [1], polarization based
adjustable memory [2], etc.,ferroelectric has been
studied extensively for more than one decade both
experimentally and theoretically.In the last decade,
the study of ferroelectric involving many structures
such as thin film [3-4], multilayers [5-6] and
superlattices [7-8] structures had been performed
due to its applications. These studies had motivated
to control parameters for required applications. The
multilayer and superlattice structures are hoped to
possess better functional behaviours and properties
compare to the parameters from the single
individual layer. Since the functional application of
the ferroelectric is predicted in the form of
multilayer and superlattice structures, the study of
the ferroelectric in the shape of layered structure
become important.
The theoretical study of layered structure can be
done using lattice model [3,7,9]. In this approach,
material structure is divided into several lattices.
This model is appropriate to handle internal
interaction exists in the material, such as interaction
between lattice polarization, depolarization at the
surface, etc. This lattice model is also successfully
used in the study of multiferroicheterostructure
when the interaction at the surface between two
materials is involved [6,8,10]. Since it is difficult to
calculate
the
inhomogeneous
parameters
analytically, this model is suitable in calculating

those parameters numerically (for example: the
electric polarization in thin film ferroelectric).
Motivated to get better understanding of the
behaviour of dynamic parameters in layered
structure, we perform a study of the dynamic electric
susceptibility in layered structure. To simplify the
problem, we use bilayer with interaction between
two different ferroelectrics existsat the interface
instead of multilayer structure. Using LandauKhalatnikov (LK) equation of motion in lattice model
of bilayer, the matrix equation of LK equation of
motion is created. Then, the solution is obtained by
performing numerical calculation using entire-cell
effective medium approach which is successfully
used in magnetic system [11] and multiferroics
[6,12].
2. Research Method
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Fig.1: The illustration of the lattices model in this study.
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The geometry of the study is illustrated in Fig.1.
The surfaces of top and bottom of the bilayer lieat yz plane. A bilayer of ferroelectric is comprised of
two ferroelectrics. Ferroelectric A (FE A) with
electric polarizations 𝑃𝑖𝐴 are parallel to z direction is
located above ferroelectric B (FE B) with polarizations𝑃𝑗𝐵 are directed to the opposite direction of
polarization in FE A (see Fig.1). Each of ferroelectric
comprises of several lattices. In Fig.1, FE A consist
of three lattices while FE B also contains three
lattices. The interface between FE A and FE B is
denoted by dashed arrow. Lattices are numbered
from top to the bottom of the bilayer. Based on Fig.1,
lattices 1, 2 and 3 are in the FE A. Lattice 4 is
assumed to be interface while lattices 5, 6 and 7 are
located in FE B.
We begin the calculation by determining the
energy density of the bi-layers system as:
𝐹 = 𝐹𝐸𝐴 + 𝐹𝐸𝐵 + 𝐹𝑖𝑛𝑡
where𝐹𝐸𝐴

and also 𝑃𝑗𝐵 = 𝑃𝑆𝐵 𝑝𝑗𝐵 with 𝑃𝑆𝐵 = 𝐴0 𝑇𝐶𝐵 /𝑏 1/2 in Eq.(2)
to Eq.(4). After that, we divide all terms in Eq.(1)
with 𝑎0 𝑇𝐶𝐴 2 /𝛽 resulting in dimensionless energy
density
𝑓 = 𝑓𝐸𝐴 + 𝑓𝐸𝐵 + 𝑓𝑖𝑛𝑡
where
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Then, minimizing the energy density respect to
𝑑𝑓
polarization, i.e:
= 0, the equations (6) and (7)
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can be brought into the form as
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and 𝛽𝑟 are defined as, 𝛼𝑟 =

Here, parameters 𝐴0 and 𝑏 are Landau constant
while inter-lattice constant is denoted as𝐾𝐵 . The
Curie temperature for ferroelectric B is represented
by 𝑇𝐶𝐵 . The electric field and polarization for lattice j
in ferroelectric B are symbolized by 𝐸𝑗𝐵 and 𝑃𝑗𝐵 . The
energy density from interface interaction between
layer A and B which are located nearest to the
interface is determined as
𝐹𝑖𝑛𝑡 =
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where𝑎0 and 𝛽 represent Landau constant while 𝐾𝐴
is inter-lattices constant. Parameter 𝑇𝐶𝐴 is Curie
temperature for FE A while 𝐸𝑖𝐴 and 𝑃𝑖𝐴 are electric
field and electric polarization for lattice i in
ferroelectric A. The energy density for the second
ferroelectric (ferroelectric B) is considered as
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and
represent energy density of the
first and the second ferroelectric. The energy
density of the interface between those two
ferroelectrics is denoted as 𝐹𝑖𝑛𝑡 . Employing Landau
theory of ferroelectric, the energy density of of the
first ferroelectric (ferroelectric A ) can be written as
fourth order polynomial series in form
𝐹𝐸𝐴 =

(5)
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By solving Eqs.(9) and (10) simultaneously, the
dimensionless static polarizations 𝑝𝑖𝐴 and 𝑝𝑗𝐵 can be
obtained. We then used those static polarizations in
calculating the susceptibility of bilayer.
The susceptibility of the bilayer was calculated
numerically using Landau-Khalatnikov Equation of
motion as

(4)

𝑑 2 𝑃 𝐴 ,𝐵

where𝜉 represents interaction constant between FE
A and FE B and 𝑃(𝑖𝑛𝑡) denotes polarization at the
lattice near interface. For example, based on the
Fig.1, 𝑃𝑖𝐴 𝑖𝑛𝑡 = 𝑃3𝐴 while 𝑃𝑗𝐵 𝑖𝑛𝑡 = 𝑃5𝐵 .In this lattice
model, the thickness of the lattice does not include in
the expression of density energy as it is written in
Eqs.(1)-(4) above.
In order to present dimensionless form of density
energy, we used 𝑃𝑖𝐴 = 𝑃𝑆𝐴 𝑝𝑖𝐴 with 𝑃𝑆𝐴 = 𝑎0 𝑇𝐶𝐴 /𝛽 1/2
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= −𝑓𝐴,𝐵
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(11)

wherefis inverse phonon mode. We assumed that
the polarizations are comprised of static and
𝑠
𝑑
dynamic polarization, 𝑃𝐴,𝐵 = 𝑃𝐴,𝐵
+ 𝑃𝐴,𝐵
, where
superscript s and d denote static and dynamic parts.
The values of dynamic part are much smaller than
the values of static polarization with the relation to
𝑑
time is written as 𝑃𝐴,𝐵
∝ exp
(𝑖𝜔𝐴,𝐵 𝑡) where 𝜔𝐴,𝐵
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ferroelectric B. For ferroelectric A, we used Curie
temperature as 𝑇𝐶𝐴 = 391 K , Landau constant as
𝑎0 = 6.65 × 105 Vm/C −1 K −1 and the parameter𝛽 =
3.56 × 109 Vm5 /C 3 . Also, the interaction constant
𝐾𝐴 = 4.51 × 10−9 Vm3 /C. Theparameters above are
appropriate for illustrating ferroelectric BaTiO3.
Since we want that the resonance frequency of
ferroelectric B is not far away from resonance
frequency of ferroelectric A to simplify the analysis,
then we set the parameters for ferroelectric B which
have the same order as the parameters in
ferroelectric A. The Curie temperature is set at
𝑇𝐶𝐵 = 450 𝐾. The Landau constants are arranged at
𝐴0 = 2.65 × 105 Vm/C −1 K −1
and
𝑏 = 1.56 ×
109 Vm5 /C 3 . The interaction constant is adjusted as
𝐾𝐵 = 0.51 × 10−9 Vm3 /C.
The static polarizations are calculated with the
results are presented in Figure (2).

represents a resonant frequency of ferroelectric A or
B. Then, by only considering the linear relation
between the dynamic polarization and dynamic
electric fields, we can write L-K equation of motion
as
𝑛
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for lattices in ferroelectric A. Here, 𝑃𝑖𝑑 ,𝐴 represents
the dynamic polarization while 𝜀𝑖𝐴 is dynamic
electric field for lattices i in ferroelectric A. The
frequency in Eq.(12) is defined as
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where 𝑃𝑖
is static polarization in lattice i at
ferroelectric A. Similarly, the equation of motion in
ferroelectric B is written as
𝑚
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where𝑃𝑗 𝑠,𝐵 represents static polarization of layer j at
ferroelectric B while resonant frequency is
determined as
𝜔𝑗𝐵 = 𝑓𝐵 𝐴0 𝑇𝑐𝐵
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(a)

For the layer nearest the interface, the equation of
motion can be easily derived by changing the
constant 𝐾𝐴 or 𝐾𝐵 in Eq.(12) or Eq.(14) with 𝜆, it
yields
𝜔𝐴2 int − 𝜔2 𝑃𝐴𝑑 (int) − 𝜆𝑓𝐴 𝑃𝐵𝑑 int = 𝑓𝐴 𝜀𝐴 (int)
(16)
fromferroelectric A, and
𝜔𝐵2 int − 𝜔2 𝑃𝐵𝑑 (int) − 𝜆𝑓𝐵 𝑃𝐴𝑑 int = 𝑓𝐵 𝜀𝐵 (int)
(17)
from ferroelectric B.
In order to solve this system of coupled equations,
we employ entire-cell effective medium.
This
method requires consideration of the field’s
continuation at each layer. According to Maxwell’s
boundary condition, the continuity condition for
tangential component of electric fields yields
𝜀1𝐴 = 𝜀2𝐴 = ⋯ = 𝜀𝐴 int = 𝜀𝐵 int
𝐵
𝐵
= ⋯ = 𝜀𝑛+1
= 𝜀𝑚
= 𝐶𝑧

(b)
Fig. 2: Static polarization of bilayer ferroelectrics. (a)
without interaction between ferroelectric A and B.
(b)with interaction constant 𝜆 = 1 × 109 𝑉𝑚3 /𝐶.

Numerical calculation which is performed to
obtain static spontaneous polarization is based on
Eqs.(9) and (10).
The results of numerical
calculation are presented in Fig.(2). In Fig.(2), the
vertical dashed lines represent interface. The left
side ofinterface is ferroelectric A while the right side
is ferroelectric B. Here, the number of lattices is set
to five for each ferroelectric. We give numbers to the
lattice as follow: lattice number 1 to 5 are lattices at
ferroelectric A, while lattice 6 to 10 are lattices at
ferroelectric B. Two conditions are considered. First,
the circumstance without interaction between
ferroelectric A and B (𝜆 = 0). Second, the existence
of the interaction between those two ferroelectrics is
considered by setting interaction constant as
𝜆 = 1 × 109 Vm3 /C. As it is illustrated in Fig.(2a), the
first condition yields the discontinuity of the electric
susceptibility at the region around interface.
Without the interaction constant between
ferroelectric A and B, each ferroelectric does not
affect each other. Hence, their polarizations tend to
have different values near the interface. The lattice

(18)

where𝐶𝑧 is a constant. By setting𝐶𝑧 , we then solve
the equation of motion to obtain layer dynamic
polarization 𝑃𝑖𝑑 . The susceptibility of the bilayer is
calculated using relation between the average
polarization and electric fields as
𝑃𝑖𝑑 = 𝜒𝑒 𝜀𝑖 .

(19)

The graphic of susceptibility is obtained by varying
the frequency in a certain frequency interval.
3. Result and Discussion
In performing numerical study, we require
parameters which represent ferroelectric A and
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polarizations in those two ferroelectrics affect each
other when the interaction constant exists. This
constant tends to decrease discontinuation of the
electric polarizations at the interface. The lattice
polarizations from ferroelectric A and ferroelectric B
tend to have the same values near the interface, as it
is shown in Fig.(2b).
These findings have similar trends with previous
research in Ref.[8] which discuss the polarizations in
the bilayer comprised of ferroelectric and
multiferroic with the interaction between
ferroelectric material and ferroelectric part of
multiferroic exist.
The electric susceptibility of a bilayer ferroelectric
is calculated numerically based on Eqs.(12) and (14).
It is clear from those equations that the calculation
process requires the values of static polarization
from previous calculation. The results of the
numerical calculation are expressed graphically in
Fig. (3). In this picture, the resonant frequency near
𝜔 = 32.3 cm−1 is possessed by ferroelectric B while
frequency near 𝜔 = 42 cm−1 is resonant frequency
for ferroelectric A. Without interaction between
ferroelectrics at the interface (𝜆 = 0), the resulted
susceptibility of the bilayer are just two independent
susceptibilities which are drawn in one axis (see
Fig.(3a)). From Fig.(2a), it can be seen that static
polarization of ferroelectric B is more uniform
compare to the uniformity of ferroelectric A. As a
consequence, the differences between static
polarization at each lattice to the average
polarization at ferroelectric B are smaller compare
to the polarization differences in ferroelectric A.
Hence, the resonant in ferroelectric B is stronger
than resonant in ferroelectric A. This is reflected by
the values of susceptibility near resonant frequency,
where the susceptibility of ferroelectric B is higher
than the susceptibility of ferroelectric A.

The electric susceptibility of a bilayer with
interaction between ferroelectrics exists at the interface
is shown in Fig.(3b). Since there is a change in
discontinuity at the interface (see Fig.(2)) which affects
the uniformity of the static polarization for both
ferroelectric A and B, the susceptibility also changes.
In this circumstance, the uniformity of spontaneous
polarization at ferroelectric A is higher than that at
ferroelectric B. Hence, the values of susceptibility near
resonant frequency for ferroelectric A are higher
compare to the susceptibility at ferroelectric B. It
means that the resonance in ferroelectric A is stronger
than the resonance of ferroelectric B. As an additional
note, the resonant frequencies in bilayer ferroelectrics
are similar to the resonant frequency of its ferroelectric
components.
In this geometry, the value of 𝐶𝑧 is constant.
According to Eq.(18), it means that the values of the
lattice dynamic field are uniform. Hence, the
properties of dynamic polarization are similar to the
electric susceptibility. The dynamic polarizations
also show resonant condition at certain frequency
By zooming the Fig.(3), we notice that the
interaction constant changes the static polarization
especially near interface (see Fig.2), which is in turn
shift the resonance frequency. However, the shift is
very small and difficult to be observed. The changes
are also amplify or reduce the value of the electric
susceptibility around the resonant frequency
4. Conclusion
In bilayer ferroelectric with an interaction at the
interface, the polarization at the interface of
ferroelectric A and polarization at the interface of
ferroelectric B affect each other to decrease the
polarization discontinuity at the interface. This
process changes the uniformity of polarizations of
the independent ferroelectric components. As a
consequence, the electric susceptibility of bilayer is
different from the susceptibility of its ferroelectric
components
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