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Abstract. Corona virus infection is lethal and life threatening to human life, for
prevention it is necessary to carry out quarantined for a portion of susceptible, exposed,
and infected population, this kind of quarantine is intended to reduce the spread of the
corona virus. The optimal control that will be carried out in this research is conducting
quarantine for a portion of susceptible, exposed, and infected individuals. This control
function will be applied to the dynamic modelling of Covid-19 spread using Pontryagin
Minimum Principle. We will describe the formulation of dynamic system of Covid-19
spread with optimal control, then we use Pontryagin Minimum Principle to find optimal
solution of the control. The optimal control will aim to minimize the number of infected
population and control measures. Numerical experiments will be performed to illustrate
and compare the graph of Covid-19 spread model with and without control.

Keywords: Covid-19, Dynamical System, Pontryagin Minimum Principle, Fixed time
and free end point optimal control.

I. INTRODUCTION

The use of dynamic system applications in biology has shown significant changes in
mathematics and biosciences in recent years [1]. This dynamic system will use the optimal
control laws to look for optimization of functional objectives for a certain period of time, to
find the optimum control of the dynamic system, Pontryagin Minimum Principle will be used
[2], [10].

In 2019, in the city of Wuhan there was a corona virus outbreak that infected and killed
thousands of people. and then Covid-19 is the name given by the world researcher and SARS
Cov 2 as the name of the virus [3]. This outbreak began in the Hunan area in the seafood market.
where many small mammals are traded especially bats, based on information from WHO [4].
Initially palm civets and raccoon dogs were thought by researchers to be the source of the
infection, and the researchers suggested that the palm civet might be the secondary hosts [5].
In Hong Kong there is a sample from a person that shows of antibodies against SARS-
coronavirus, it means corona virus has already circulating among human in 2003 [6]. The
researchers later suggested that The Rhinolophus bats were the source of the virus [7], [17].

The optimal control that will be carried out in this research is to conduct quarantine for a
portion of the susceptible, exposed and infected population, the duration of the quarantine is
132 days (January 27" 2020 until June 6" 2020) [12] and the type of the optimal control is
fixed time with free end point which means that the time duration of the state model is
determined (132 days) and the end points of the state model are free [16] . The purpose of this
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quarantine is to reduce the spread of Corona virus. Later on we will compare the graph of
dynamic model of the spread of Covid-19 without optimal control and with optimal control.
MATLAB software will be used to perform numerical calculation (iteration) and generate
graphs [8] [14].

Il. COVID-19 SPREAD DYNAMIC MODEL

In this section we will divide the total population into seven compartment or class, which is
population of susceptible(S), Exposed(E), Infectious(l), Recovered(R), Quarantined
susceptible(Qs ), Quarantined exposed(Qg ), Quarantined infected(Q,) and then we make
model of the spread of Covid-19 with optimal control, making formulation of optimal control
problem, and the optimality condition and after that we conducting numerical calculation or
iteration using MATLAB software with parameter and initial data provided in table 1. The
result of the iteration will be in the form of graph of dynamic model of Covid-19 with and
without optimal control where later these two graphs will be compared.

Then the mathematical model for covid-19 without control:

S:_ﬂl(l +:B2E)S

E:ﬁl(l +ﬁ2E)S_V1E

| =v,E—y,1 -4,

R=y,l

And mathematical model for covid-19 with control:

S =—p(I + B,E)S +aQs —u,S
E =p,(+B,E)S —v,E-u,E
I =v,E—-u,l —y,1 -6,
R:71| +7,Q 2

Qs =U;S —aQs —0Qs

Qe =U,E+0Qs-v,Q;

Q, =ul +v,Q¢ —7,Q, —6,Q,

1)

with S(0)>0, E(0)>0, 1(0)>0, R(0)>0, Q4(0)>0, Q(0)>0, Q,(0)>0as initial condition
S, E, I, R, equal the rate of population change of the susceptible, exposed, infectious, and
recovered respectively, QS , QE, Q, equal the rate of population change of the quarantined
susceptible, quarantine exposed, and quarantine infected respectively, g, (I + 5,E)S is rate of
transmission from susceptible to exposed, v, E is rate of transmission from exposed to infected,
v,Qg is rate of transmission from quarantine exposed to quarantine infected, 6,1 and ¢,Q, is
death rate of infected population and quarantine infected due to Covid-19 respectively, 7,1 is
recovery rate of infected population, y,Q, is recovery rate of quarantine infected population,
aQ; is transfer rate from quarantine susceptible to susceptible with, oQq is transfer rate from
quarantine susceptible to quarantine exposed with g,, fB,, Vi, V,,06,,90, V1,7,.a ,0 are the
parameters.
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Figure 1. Flow diagram of dynamic system (1).

In Fig. 1 we can see the flow diagram of dynamic system (1) that describe the movement of
people between compartment (arrow direction).

O
S Pl fE)S E v I I}{ R
ol [ [25) Uy

;S

Q-

O

Qs ﬁIQE

Figure 2. Flow diagram of dynamic system (2).

In Fig. 2 we can see the flow diagram of dynamic system (2) that describe the movement of
people between compartment (arrow direction).

Dynamic system(1) is taken from [11], the model in [11] only describe prediction for
susceptible, exposed, infected and recovered population for certain time T, then we modified
in system (2) by providing quarantine controls for susceptible population (u,S), exposed
population (u,E) , and Infected population (u,l ), then Qg, Qg, Q, in the system (2) means
that quarantine for susceptible, exposed and infected population are separated and given new
compartment as we can see in fig 2. Dynamic System (2) taken from [12], and the weakness of
model in [12] is that the control in there play role as parameter, and we develop the system
model (2) by adding the optimum control Pontryagin rather than parameter.

I11. OPTIMAL CONTROL ANALYSIS

In this section, we propose dynamic model of Covid-19 spread with control:
S=-p,(1 + B,E)S + aQ, —u,S
E=24,(+p,E)S-v,E—-u,E
I =v,E—ugl —y,1 -5,
R=p1+7,Q ©)

Qs =u,S —aQg —0Qs

Qe =U,E+0Qs-v,Q¢

Q, =Uul +v,Q¢ —7,Q, —6,Q,

https://doi.org/10.14710/jfma.v3i2.8546 160 p-ISSN: 2621-6019 e-1SSN: 2621-6035



- JOURNAL OF FUNDAMENTAL MATHEMATICS
\P) AND APPLICATIONS (JFMA) VOL. 3NO. 2 (NOV 2020
(DIFMAD ) (vov z020

Available online at www.jfmamath.fsm.undip.ac.id

with S(0)>0, E(0)>0, 1(0)>0, R(0)>0, Qs(0)>0, Qc(0)>0, Q,(0)>0as initial condition
Then we have the following control variables:
1. u,(t) control variable of quarantined effectiveness of susceptible people.

2. u,(t) control variable of quarantined effectiveness of exposed people.
3. u,4(t) control variable of quarantined effectiveness of infectious people.

The purpose of the optimal control is to reduce the number of infected population, and control
measures. Then the objective functional correspond with control variables and dynamic model

2):
)
3(u,,u,,u,) = minimize JK,| +%uf(t)+%u§(t)+%u§(t)dt @)
0

subject to (2), With S(0)>0, E(0)>0, 1(0)>0, R(0)>0, Q(0)>0, Qz(0)>0, Q,(0)>0as
initial condition. The weight of the infected and the weight of u,,u,,u, represent as K,, K,,
K,, K, respectively. The goal of objective functional is to minimize the number of infected

individuals and the cost of the control measures. Then define control functions (u, ,u,,u;) such
that:
J(uf,u;,u;): minimize {(u,,u,,u, )u,,u,,u, €U} subject to (2) (5)
and control set by:
U = {(u,,u,,u, Ju, measurable of Lebesque on[0,T],0<u, <1i=123}.  (6)

To determine the controls, let’s prove the existence. First we prove its existence. Let
C(p) =G =Ap+B(p),

S S - S ]
E E is]
| | 0
G=|R |, o=| R |, B(p)=| 0 7
Qs Qs 0
Qe Qe 0
Q] Q] . 0
—u, 0 0 0 a 0 0 ]
0 —(v,+u,) 0 0 0 0 0
0 v, (U +8,+7,) 0 0 0 0
A=| 0 0 7 0 0 0 7, (8)
u, 0 0 0 —(a+o) 0 0
0 u, 0 0 o v, 0
0 0 U, 0 0 V, Yyt 0;]

then
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u;S, +aQsS, —u,S, —aQS,
v,E, +uU,E, -v,E, —U,E,
viEi +7l, + 6.1, +ugl, —viE, =l =611 —ugly
|A((01)—A((02)|= 2L Y PRl 21 Pl 21 P 9)
U;S; +aQS, +0QS, —u;S, —aQS, —oQS,
uE, +v,QE, +0QS, —u,E, -v,QE, —0QS,

_U3|1 +v,QE, +7,Ql, +5,Ql, —u,l, —v,QE, —y,0l, _§2Q|1_
<SVi[S, = S,| +V,|E, — E,| +V;[1, = 1,|+V,|QS, - QS,| +V;|QE, - QE,|+V,|Ql, —Ql,|
<V(|S, = S,|+|E, = E,| +|1, = 1,| +]QS, - QS,|+|QE, - QE,|+|Q1, - Ql,) (10)
SV|(/’1_§02|

with V, =2u,, V, =2(v, +U,), Vo =2(y, +U;)+ 6, V, =2(a +0)+35,, Vs = 2v,,

Ve :2(72“‘52)’

V=V, +V, +V, +V, +V, +V,. (11)
Define
ﬂl(IZ +IB2E2)82 _ﬂl(ll +IBZE1)81
ﬂl(ll +ﬂ2El)Sl _ﬂl(lz +ﬁ2E2)52

0

|B((P1)_ B((P2)|: 0 12)
0
0
0

B0~ B(2,) = A1, + B,E)S, — Aol + BEDS 418, + BEDS, - A1, + BE)S,|  (13)

< Zﬁlqslnll - |2|+|Sl _Sznlz +ﬁ2E1|+|,B282”E1 - E2|)

14
< M|¢’1 _§02| (4
with M =24,.
Define:
C(p) = Alp) + B(p) (15)
then
|C((p1) _C((02)| SV|¢’1 —(P2| +M |(P1 _(02| SW|(p1 _(P2| (16)

so that function C(g) uniformly Lipschitz continuous, it implies that a unique solution of
system (2) exists.

Theorem 1. There exists optimal control u™ = (uf,u;,u;)eu minimizing J(uf,u;,u;).

Proof: To prove the existence, we follow ref. [9] . Since
i. The variables of state and variables of control are positive.
ii. Control set (6) is closed and convex.
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iii. The right hand side of the state system (2) is continuous, is bounded above by a linear
combination of the control and state, and can be written as a linear function of u with
coefficients depending by the time and the state.

Iv. The integrand of the objective functional (4) is convex on u

v. There exist constant C,,C, >0and ¢>1 such that the integrand of the objective

functional satisfies L(x,u) = -C, +C,|u[’. O

IV. CONDITION OF OPTIMAL

To find the optimal solution, we began by defining the Lagrangian and the Hamiltonian
associated with our optimal control problem. Let x=S,E,I,R,Q4,Q¢,Q, be the vector of

state variables and u =u,,u,,u, the control vector.
The Lagrangian is given by:

L(x,u) =K, +%uf(t) +%u§(t) +%u§(t) 17
and Hamiltonian is given by:
H(x,u,A) =
K,I +%uf(t)+%u22(t)+%u32(t)+ (18)

21(8) + 25 (E) + A5 (1) + 2, (R) + 25(Qs) + 45 (Qe ) + 4, (Q,)

were 4, 4,, 4;, A,, A5, A¢, A, are adjoin variables that satisfies :

S (Al BB~ (Al + AE) ety

dt

da oH
d_tzz_ﬁzﬂz(vﬁuz—ﬂ1ﬂ23)+ﬂiﬁ1ﬁ25—ﬂe‘/1‘/16“2
%:_%_T:_K1+13(;/1+5+u3)+,6’18(11—22)—1471—17%
diy _ oH _ (19)
dt OR

dls  oH

200 (a+0)is—ak —olg

dlg  oH

26 __ - _ - A

& ooy 2l 4)

di,  oH

—t == + 05 ) =AY

at o) 7(7/2 2) 472

With terminal (transversality) condition [15] we have

W (T) = 2,(T) = 44 (T) = 4,(T) = A5 (T) = A,(T) = 4,(T) =0.
These adjoin variables will minimize the state variable with respect to the state function. Then
the optimal variables of control
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@=—S@+515+K2u1:o:>u;=s(ﬂ‘l—_’15) (20)
ou, K,
with u, =u;
ﬁ:—E12+E16+K3u2=0:u;=M (21)
ou, K,
with u, =u,
ﬁ:—mﬁmﬁrgug:o:u;:'%—_m. (22)
ou, K,

Since 0<u, <1, 0<u, <1 and 0 <u, <1, then we can rewrite for u, :

uy = max{o, min (% 1]} (23)
u 2

u, = max{o, min (M 1} (24)
and u}: 3

u, = max{o, min (w 1}} : (25)

V. NUMERICAL ANALYSIS AND DISCUSSION

The numerical result of the optimal control problem in equation system (1), (2) will be in
the form of graph and calculated using MATLAB programming [8]. We will compare the graph
of dynamic system (1) and dynamic system (2) with fixed time (T = 132 days(January 27"
2020 until June 6™ 2020)) and free end point ( x(0) determined, but x(T) are free), where x is the

variable state (x=S,E,I,R,Q,,Q¢,Q,). The parameters’ values used in this numerical
analysis are shown in Table 1 whereas the results are shown in Fig. 3 to Fig. 9.

Susceptible
usceptible population
on

01/27/2020 06/06/2020 01/27/2020 06/06/2020

Figure 3a. Dynamics of susceptible Figure 3b. Dynamics of susceptible
population with control population without control
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Table 1. Parameter data of the dynamic system of equation (1) and (2)

Parameter Description Value Reference
S(0) Initial point/value of susceptible 10967505 [12]
E(0) Initial point/value of exposed 220 [12]
1(0) Initial point/value of infected 130 [12]
R(0) Initial point/value of recovered 10 [12]
Qs (0) Initial point/value of quarantine for susceptible 45 [12]
Q:(0) Initial point/value of quarantine for exposed 110810 [12]
Q, (0) Initial point/value of quarantine for infected 1460 [12]

B Infectivity contact rate 206x10~" [12]
i Infectivity contact rate 0.63 [12]
v, Transfer rate from exposed to infectious 0.13 [12]
v, Transfer rate from quarantine exposed to quarantine 0.13 [12]
infectious
2 Transfer rate from infectious to recovery 0.154 [11]
s Transfer rate from quarantine infectious to recovery 0.16 [12]
o, Death rate due to COVID-19 0.002789 [12]
5, Death rate due to COVID-19 0.002789 [12]
a Transfer rate from quarantine susceptible to susceptible 0.2 Fitted
o Transfer rate from quarantine susceptible to quarantine 0.3 Fitted
exposed
K, Relative weight of the infected 1 Fitted
K, Relative weight of control u, 1 Fitted
K, Relative weight of control u, 1 Fitted
K Relative weight of control u, 1 Fitted

01/27/2020

Figure 4a. Dynamics of exposed
population with control

Exposed
population

06/06/2020 01,27, 2}]1(]

06/06/2020

Figure 4b. Dynamics of exposed
population without control
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01/27/2020 06/06/2020 01/272020 o 06/06/2020

Figure 5a. Dynamics of infected Figure 5b. Dynamics of infected
population with control population without control
Recovered
Recovered population
.rmr'"h“"m .
01/27/2020 . ; 06/06/2020 01/27 :[}:}’ - ) ["‘_.["".2020
Figure 6a. Dynamics of recovered Figure 6b. Dynamics of recovered
population with control population without control

Quarantine susceptible
population

01 ,f'l;f_;'llllll 7 l 06/06/2020
Figure 7. Dynamics of quarantine susceptible population

The terms —u, (t)S(t), —u, (t)E(t), —u,(t)I(t) in the dynamic system (2) means that there is
areduction in the rate of change of the susceptible, exposed, infectious population by u, (t)S(t)
, U, (DE(), u,y(t)I(t) respectively, to be detailed description will be given the following
example: By numerical calculation (iteration) using MATLAB software it is known that
u,(7)S(7) =645953.34, u,(7)E(7) =1745.8, u,(7)1(7) = 0.717 with t =7 days, means on the

seventh day we must quarantined 645954 susceptible individuals (rounding up from
645953.34) at home, 1746 exposed individuals (rounding up from 1745.8) and one infectious
individuals (rounding up from 0.717) simultaneously. This control measure is used as a
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benchmark for how many susceptible, exposed, infectious people should be quarantined on the
seventh day, u,, u,and u, here play role as effectiveness of the isolation [13] since 0 <u, <1

,0<u, <land 0<u, <1.

Quarantine exposed
population
£ 210

01 ‘-’271-"‘202('] l I 06/06/2020
Figure 8. Dynamics of quarantine exposed population

Quarantine infected
population
)

0];"2:7«[2020 | 06/06/2020
Figure 9. Dynamics of quarantine infected population

VI. CONCLUSION

The objectives of this paper is to find the value of optimal control (u,,u,,u;) using
Pontryagin Minimum Principle method which is applied to the dynamic modeling of Covid-19
spread, the value of optimal control here is how many susceptible individuals should be
quarantined (u, (t)S(t)), how many exposed individuals should be quarantined (u, (t)E(t))
and how many infectious individuals should be quarantined (u,(t)I(t)) simultaneously
correspond with time t. This quarantine is intended to reduce the spread of the corona virus. In
the end, use of control function in the dynamic model is to provide advice to the authorities to
handle and control Covid-19 outbreak.
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