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Abstract. If X is a Gelfand-Phillips space, then every sequence (xn:n∈ℕ)⊂X which is

equivalent to (xn:n∈ℕ) contains an infinite subsequence (xn:n∈ℕ) such that Span (xn:n∈ℕ)
is complemented in X. C0 is the space of all sequences a={an}n∈ℕ such that an→0 as n→∞.

The norm is ∥a∥∞= Sup
n

|an|  ∀ an∈C0. It is known that if every limited set of X is relatively 

weakly compact, then every copy of C0 in X contains a subspace still isomorphic to C0 which 

is complemented in X. A Banach space is said to have the Gelfand-Phillips property if every 

limited subset is relatively norm compact. The question whether if a Fre’chet space does not 

contain  C0 implies it can admit or have the Gelfand-Phillips property is still open. The purpose 

of this study was to establish the conditions for which  a Fre’chet Space can admit the Gelfand-

Phillips property without C0. We investigated the conditions on which a Fre’chet space not 

containing  C0 admits the Gelfand-Phillips property. The methodology involved the use of 

literature study related to Fre’chet spaces and Gelfand-Phillips property. The conditions which 

imply that a Fre’chet space Ψ has the Gelfand-Phillips property in spite  of it not containing  

C0 were given.  It was established that if a Fre’chet space Ψ has a compact subspace 

(℧(Ψ'),  η(Ψ',Ψ)), then it admits the Gelfand-Phillips property even if it doesn’t contain C0 .

The results in this study have a momentous contribution in the field of Mathematical Analysis. 

Keywords: Gelfand-Phillips Property, Fre’chet Space, Limited Set, relatively norm 

compact 

I. INTRODUCTION

A space 𝑋 has the Gelfand-Phillips (GP) property if every limited subset of 𝑋 is relatively 

compact. The following spaces have the Gelfand-Phillips property: Schur spaces; spaces with 

𝑤∗ − 𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑑𝑢𝑎𝑙  𝑢𝑛𝑖𝑡 𝑏𝑎𝑙𝑙𝑠 ( for example subspaces of weakly compactly

generated spaces, separable spaces, spaces whose duals have the Radon- Nikodym property, 

reflexive spaces and spaces whose duals do not contain ℓ1); dual spaces 𝑋∗ with  X not

containing  ℓ1; Banach spaces with the separable complementation property, i.e. every 

separable subspace is contained in a complemented separable subspace(for example 𝐿1(𝜇) 

spaces), where 𝜇 is a positive measure (see [1], [2], [3], [4]). In another direction, a Banach 

space is said to have the Gelfand-Phillips property if every limited subset is relatively norm 

compact (see [1], [2], [5]). For instance, every Banach space having 𝑤∗ − 𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑖𝑎𝑙𝑙𝑦
compact dual ball (e.g. WCG or Asplund spaces see [6]) or having the separable 

complementation property enjoys the Gelfand-Phillips property. In addition, a Banach space X 

has the separable complementation property (SCP) if every separable subspace of X is 
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contained in a separable complemented subspace of X. Typical examples of Banach spaces 

with the SCP are WCG spaces and Banach lattice not containing 𝐶0. The following open 

problem is directly connected with a question on Pettis integration raised by Talagrand [7]. Let 

X  be a Banach space not containing 𝐶0. Does X have the Gelfand-Phillips property? In this 

study, we give conditions which imply that a Fre’chet space X has the Gelfand-Phillips property 

in spite of not containing 𝐶0. Where 𝐶0 is the space of all sequences 𝑎 = {𝑎𝑛}𝑛∈ℕ such that

𝑎𝑛 → 0 as 𝑛 → ∞ with the norm is ∥ 𝑎 ∥∞= Sup
𝑛

|𝑎𝑛|  ∀ 𝑎𝑛 ∈ 𝐶0. 

The purpose of this study was to establish the conditions for which  a Fre’chet Space can admit 

the Gelfand-Phillips property without C0. We investigated the conditions on which a Fre’chet 

space not containing  C0 admits the Gelfand-Phillips property.

II. PRELIMINARIES

In this section, we give the fundamental concepts underlying this research that are very 

important in understanding the Gelfand-Phillips property and the general Fre’chet space. 

Definition 1 [1]  A Banach space E is Gelfand-Phillips if  for every 𝐵 ∈ 𝐵𝑁𝑃(𝐸), there is a 𝑤𝑒𝑎𝑘∗

null sequence (𝑥𝑛)𝑛∈𝑤  in 𝐸′ such that ∥ 𝑥𝑛 ∥𝐵↛ 0.

Definition 2 [8] A subset A of a Banach space E is limited in E if every 𝒘𝒆𝒂𝒌∗ null sequence in  𝑬′

converges uniformly to zero(0) on A. 

Definition 3 [8] A subset of a Banach space X is called limited (resp. Dunford- Pettis(DP)), if every 

𝒘𝒆𝒂𝒌∗ null( resp. weak null) sequence 𝒘𝒆𝒂𝒌∗ null (𝒙𝒏
∗ ) in 𝑿∗ converges uniformly on A, that is

𝒍𝒊𝒎
𝒏→∞

𝑺𝒖𝒑
𝜶∈𝑨

|〈𝒂, 𝒙𝒏
∗ 〉| = 𝟎. 

Definition 4[6]  If 𝑨 ⊆ 𝑿∗ and every weak null sequence (𝒙𝒏) in X converges uniformly on A, we say

that A is an L-set. 

Remark 1 Every relatively compact subset of X is limited and clearly every limited set is DP and every 

DP subset of a dual Banach space is an L-set, but the converse of these assertions, in general are false. 

If every limited subset of a Banach space X is relatively compact, then X has the Gelfand-Phillips(GP) 

property and X has the relatively compact Dunford- Pettis property (DPrcP), if every DP set in X is 

relatively Compact. 

Definition 5 [7] A Banach space E has the Gelfand-Phillips property 𝑬 ∈ (𝑮𝑷) if every limited set in 

E is relatively compact. 

Proposition 1[2] If the dual unit ball 𝑩𝟏(𝑿′) of a Banach space X contains a 𝒘𝒆𝒂𝒌∗sequential pre-

compact subset. D which norms the elements of X up to a constant 𝒄 > 𝟎 (i.e if ∥ 𝒙 ∥≤

𝒄𝑺𝒖𝒑𝒙′∈𝑫|〈𝒙′, 𝒙〉|∀ 𝒙 ∈ 𝑿), then X has the Gelfand-Phillips property.
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The following propositions connect limited sets and the Gelfand-Phillips property. 

 

Proposition 2[3] Let A be a set. For 𝑨 ⊂ 𝑿, the following conditions are equivalent: 

i) A is limited in X 

ii) For every sequence (𝒙𝒏: 𝒏 ∈ ℕ) ⊂ 𝑨 and for every 𝝈(𝑿′, 𝑿) −zero sequence, 𝒍𝒊𝒎
𝒏→∞

〈𝒙𝒏
′  , 𝒙𝒏〉 = 𝟎 

iii) T(A) is relatively compact for every 𝑻 ∈ 𝑳(𝑿, 𝑪𝟎). In particular, we conclude that 

limitedness is countably determined. 

Proposition 3[4] For 𝑨 ⊂ 𝑿, the following conditions are equivalent: 

a) A is limited in X 

b)i) A is conditionally 𝝈(𝑿, 𝑿′) −compact 

ii) each 𝝈(𝑿, 𝑿′) − zero sequence in a 𝑪𝟎(𝑨) is limited in X. In particular, we conclude that X is 

Gelfand-Phillips if and only if every normed, weakly to zero converging sequence is not limited 

in X. 

Proposition 4 [5] Let A and B be subsets of X 

a) If A and B are limited in, then the sets 𝑨⋃𝑩, 𝑨 + 𝑩, 𝑨̅ and 𝑪𝟎(𝑨) have the same property. 

b) Let 𝑨 ⊂ 𝑩. If B is limited in X, so is A. 

c) Let 𝑻 ∈ 𝑳(𝑿, 𝒀); if A is X-limited, then T(A) is Y-limited. 

Lemma 1 [6] Let A be a bounded subset of a Banach space E and consider a semi norm 

𝝋: 𝑬∗ → ℝ+  given by the formula 

𝝋∗ = 𝑺𝒖𝒑
𝒂∈𝑨

|𝒙∗(𝒂)| 

Then: i)  𝝋 is 𝒘𝒆𝒂𝒌∗ sequentially continuous if and  only if A is limited. 

ii)  𝝋 is 𝒘𝒆𝒂𝒌∗ continuous on 𝑩𝑬∗ if and only if A is relatively norm compact. 

 

Definition 6 [9, Definition 1.5] A Fre’chet space (F for short) is a locally convex topological 

vector space. 

 

Trivial example of a Fre’chet space is a Banach space. Every Banach space, in 

particular,ℓ𝑃 ∀ 1 ≤ 𝑝 ≤ ∞ is a Fre’chet space. 

 

Definition 7[10, Definition 3.0 (i)] The space 𝐶0 is the space of all sequences 𝑎 = {𝑎𝑛}𝑛∈ℕ 

such that 𝑎𝑛 → 0 as 𝑛 → ∞. The norm is ∥ 𝑎 ∥∞= 𝑆𝑢𝑝
𝑛

|𝑎𝑛|  ∀ 𝑎𝑛 ∈ 𝐶0. 

Definition 8[10, Definition 5.0] The dual space of 𝐶0, 𝐶0
∗ is isometrically isomorphic to ℓ1. 

The isomorphism is given as follows. For 𝑎 = {𝑎𝑛} ∈ ℓ1, we define an element 𝛼 ∈ (𝐶0
∗) by 

𝛼(𝑏) = ∑ 𝑎𝑛𝑛 𝑏𝑛. 
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Definition 9[10, Definition 3.0(iii)] The space ℓ𝑃 ∀ 1 ≤ 𝑝 < ∞ is a space of all sequences 

𝑎 = {𝑎𝑛}𝑛∈ℕ such that ∑ |∞
𝑛=1 𝑎𝑛|𝑝 is convergent. The norm is  ∥ 𝑎 ∥𝑝= (∑ |∞

𝑛=1 𝑎𝑛|𝑝)
1

𝑝. 

 

Definition 10[11, definition 4] For a Fre’chet space (𝐹, ∥. ∥) , 𝐵1(𝐹) denotes its closed ball, 

𝑆(𝐹) denotes the surface of 𝐵1(𝐹). 
 

The following notations are used in the results and Discussions section: 

i) (𝚿, ∥. ∥) or 𝚿 - denotes a Fre’chet space 

ii) 𝐶(𝚿) - denotes the closed unit ball of (𝚿, ∥. ∥) 

iii) 𝑆(𝚿)  - denotes the surface of 𝐶(𝚿) 

iv) (℧(𝚿′), 𝜂(𝚿′, 𝚿))-denotes a compact subspace in (𝚿, ∥. ∥) 

III. RESULT AND DISCUSSION 

In this section we presented  the results and discussions on the research. This section 

presents theorems showing the conditions for which a Fre’chet space not containing 𝐶0 admits 

the Gelfand-Phillips property. Theorem 1   establishes that if a Fre’chet space 𝚿  has a compact 

subspace (℧(𝚿′), 𝜂(𝚿′, 𝚿)) then it has the Gelfand-Phillips property even if it doesn’t admit 

𝐶0. Furthermore, in Theorem 2, it is shown that provided a Fre’chet space is separable as a 

complemented sum of two Gelfand-Phillips spaces whose compact operators are limited, then 

it admits Gelfand-Phillips property. 
 

Theorem 1. Let (𝜳, ∥. ∥) be a Fre’chet space, 𝐶(𝜳) a closed ball in 𝛹 and 

(℧(𝜳′), 𝜂(𝜳′, 𝜳)) a compact subspace in (𝜳, ∥. ∥) then  𝜳 has the Gelfand-Phillips property 

even if it doesn’t contain 𝐶0 provided the following conditions hold: 

1. 𝐶(𝜳′) is 𝜂(𝜳′, 𝜳) sequentially compact. 

2. By Lemma 1, 𝐶(𝜳′) contains a 𝜂(𝜳′, 𝜳) sequentially pre-compact subset of ℧ which 

norms 𝜳 

 i.e. ∥ 𝝍 ∥= 𝑆𝑢𝑝
𝜓′∈℧

|〈𝜓′, 𝝍〉|  ∀ 𝝍 ∈ 𝜳. 

3. ∃  a compact set ℌ|𝜳
 containing a sequentially pre- compact and dense subset such that 𝜳 can 

be isometrically embedded in ℧(ℌ
|𝜳

) 

4. ∃ an equivalent norm ∥. ∥ on 𝜳  such that (𝜳, ∥. ∥) satisfies condition (2) 

5. ∃ an equivalent norm ∥. ∥ on 𝜳  such that (𝜳, ∥. ∥) satisfies condition (3) 

6. ∃ a 𝛽 > 0 and sequentially 𝜂(𝜳′, 𝜳) pre- compact subset ℧ of 𝐶(𝜳′)  by Proposition 

1such that  

∥ 𝝍 ∥≤ 𝜷𝑆𝑢𝑝
𝜓′∈℧

|〈𝜓′, 𝝍〉|  ∀ 𝝍 ∈ 𝜳. 

7. 𝜳 has the Gelfand-Phillips property. 
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Proof. (1⟹ 2) is trivial from the hypothesis. 

(2⟹ 3): Let ℧ ⊂ 𝐶(𝚿′)be as in (2). Suppose we set ℌ|𝚿
≔ ℧−𝜂(𝚿′, 𝚿) then ℌ|𝚿

′
 furnished 

with 𝜂(𝚿′, 𝚿)⋂ℌ|𝚿
 has the desired properties and the operator 𝜗: 𝚿 → ℧(ℌ|𝚿

), 𝝍 ↦

(ℌ|𝚿
∋  𝝍′ ↦ 〈 𝝍′, 𝝍〉), is an isometric embedding. 

(3⟹ 2): Let ℌ|𝚿
 be a compact space which contains a dense sequentially pre-compact subset 

 ℌ|𝚿
̃  and admits an isometric embedding 𝜗: 𝚿 → ℧(ℌ|𝚿

), then the set ℧ ≔ 𝜗′({𝜇𝜆|𝜆 ∈  ℌ|𝚿
̃ }) 

satisfies the conditions of (2). 

(2⟹ 4) is trivial from the hypothesis. 

(4⟹ 5) follows as in (2⟺ 3) 

(4⟹ 6) is a gain trivial from the hypothesis 

(6⟹ 7): By proposition 3, it suffices to show that a given normed 𝜂(𝚿′, 𝚿) zero sequence 
(𝜓0: 𝑛 ∈ ℕ) is not limited in 𝚿. Suppose that 𝛽 > 0 and ℧ ⊂ 𝐶(𝚿′) are as in condition (6). 

Then there exists ∀ 𝑛 ∈ ℕ and  𝝍′
𝑛

℧ with |〈 𝝍′
𝑛

𝝍𝑛〉| >
𝛽

2
. By condition (6), we may assume 

that  𝝍′
𝑛

: 𝑛 ∈ ℕ converges in 𝜂(𝚿′, 𝚿) to an  𝝍′
0

∈ 𝚿′ and since (𝜓𝑛: 𝑛 ∈ ℕ) converges in 

𝜂(𝚿′, 𝚿) to 0, we claim that |〈 𝝍′
0

, 𝝍𝑛〉| >
𝛽

4
 ∀ 𝑛 ∈ ℕ; thus we have 𝑙𝑖𝑚

𝑛→∞
|〈𝑥𝑛

′ − 𝑥0
′  , 𝑥𝑛〉| ≥

𝛽

4
  

by proposition 2.    ∎ 

 

 

Theorem 2. Suppose (𝜳, ∥. ∥)  is a separable Fre’chet space with complemented sum of two 

Gelfand-Phillips spaces and ℧′ is a compact subspace of 𝜳 contained in another separable 

subspace ℧′′ ∈ 𝜳  such that the limited operators from  ℧′′ to 𝜳 are compact then in general, 

𝜳 admits Gelfand-Phillips property if the following conditions hold: 

1. 𝜳  is Gelfand-Phillips 

2. Every compact subspace ℧ of 𝜳 is Gelfand- Phillips 

3. Every separable compact subspace  ℧′ of 𝜳 is contained in a subspace ℧′′ ∈ 𝜳 which 

has the Gelfand-Phillips property and is complemented in 𝜳. 

4. 𝜳 is the complemented sum of two Gelfand-Phillips spaces. 

5. For every Fre’chet space ℧′′, the limited operators from ℧′′ to 𝜳 are compact. 

6. Every limited operator from ℓ1 to 𝜳 is compact. 

 

Proof. (1⟹ 2) follows from proposition 4(c) 

(2⟹ 3) is trivial from the hypothesis 

(3⟹ 1): here it suffices to show that a non-compact sequence (𝜓𝑛: 𝑛 ∈ ℕ)  in 𝚿  is not 

limited whenever 𝚿 satisfies (3).  By hypothesis from (3) there exists a complemented 

subspaces ℧′′ of 𝚿 satisfying the Gelfand-Phillips property and containing (𝜓𝑛: 𝑛 ∈ ℕ). 
Given that (𝜓𝑛: 𝑛 ∈ ℕ) is not limited in ℧′′ and from Proposition 4(c) then it can’t be limited 

in 𝚿  since it is the preimage of the projection from 𝚿  onto ℧′′ of a non-limited set. 

(1⟹ 4) follows from the fact that 𝚿 = 𝚿⨁{𝟎} 

(4⟹ 1) follows from proposition 4(c) 

(1⟹ 5) is trivial from the hypothesis 

(5⟹ 6) is again trivial from the hypothesis 
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(6⟹ 1): In this case, by Proposition 2(iii), let (𝜓𝑛: 𝑛 ∈ ℕ) be limited in 𝚿 and claim that 𝚿
satisfies condition (6); it suffices to show that (𝜓𝑛: 𝑛 ∈ ℕ) is relatively compact. The

operator 𝜗: ℓ1 → 𝚿,  

μ = μ𝑛 ⟼ ∑ μ𝑛
𝑛
𝑛∈ℕ 𝜓𝑛 is bounded and linear and 𝜗(℧, ℓ1) ⊄ 𝑎 𝐶0(𝜓𝑛: 𝑛 ∈ ℕ)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ is limited in

𝚿. Given that every limited operator 𝜗: ℓ1 → 𝚿 is compact and since (𝜓𝑛: 𝑛 ∈ ℕ) ⊂
𝜗(℧, ℓ1), (𝜓𝑛: 𝑛 ∈ ℕ) is relatively compact.∎

IV. CONCLUSIONS

This study establishes some conditions for which a Fre’chet space not containing  C0 admits 

the Gelfand-Phillips property. The results are obtained using the definitions, propositions and 

lemmas given in the methodology section. A different way to construct a Fre’chet space and 

the conditions of Gelfand-Phillips property is given. This makes mathematical analysis more 

complete. 
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