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Abstract. Studying the upper and lower bounds of graph parameters is crucial for
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I. Introduction
1.1. Graph Parameters

It is well-known that real-world concepts can be modeled using graph theory, and efficient
algorithms have been developed for this purpose[1, 2]. When studying problems in graph al-
gorithms and graph theory, it is common to focus on specific graph classes or parameters to
find solutions[3, 4, 5, 6, 7]. Additionally, extensive research has been conducted to clarify the
relationships between different graph classes and parameters [8, 9, 10, 11, 12].

The study of graph width parameters is a well-established area in graph theory, focusing
on metrics that measure the structural complexity of graphs [13, 14, 15, 16]. Parameters such as
tree-width [17, 18, 19, 20, 21], path-width [18, 22, 23], proper-path-width[24, 25], rank-width
[26, 27], hypertree-width[28, 29, 30], superhypertree-width[31, 32, 33], and branch-width [34,
19, 35] are crucial for understanding the computational complexity of various problems.

Path-distance-width (PDW) [36, 37] is another graph parameter that extends path-width
by incorporating a distance measure. It is known that determining whether a given graph has
PDW (T) < k when the input graph is restricted to trees is NP-complete [37]. Additionally,
concepts of connected-path-distance-width and tree-distance-width have been introduced in
the literature as related measures [37]. These parameters are also relevant in the context of
graph isomorphism problems, where the structural complexity of graphs plays a crucial role in
determining isomorphism efficiently (cf.[38, 39, 40]).

Linear-width [41, 42, 43, 44] is a graph parameter that measures the minimum width in
a linear ordering of edges, ensuring that the number of vertices incident to edges across any
cut in the order is minimized. These linear” restrictions to underlying path structures are often
beneficial in proving results for general parameters[45]. Moreover, these linear parameters offer
valuable insights from a structural perspective, especially in the study of special graph classes.
Linear-width is known to be extendable to matroids and connectivity systems[46, 47, 34].
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Maximum-matching-width([48, 49, 50] is a graph parameter defined using a decomposition
tree, where the width is determined by the size of the largest maximum matching in bipartite
subgraphs induced by edge cuts. The Feedback Vertex Set[51, 52, 53] is the smallest set of
vertices in a graph whose removal results in an acyclic graph, effectively eliminating all cycles
and reducing the graph to a forest.

1.2. Our Contribution

In the aforementioned fields, the study of graph parameters themselves, as well as clarify-
ing their relationships and upper and lower bounds, is considered one of the important research
topics. In this brief paper, we explore the upper and lower bounds of graph parameters, includ-
ing path-distance-width, Feedback Vertex Set, maximum-matching-width, and linear-width.

II. Preliminaries

This section presents the mathematical definitions of the relevant concepts.

2.1. Simple Notation in this paper

The following provides the fundamental definitions in graph theory. For additional funda-
mental graph-theoretic concepts, we refer the reader to [2, 54, 55, 56].

Definition 1 (Graph) [2] A graph G is an ordered pair G = (V, E), where:

» V(G) is the set of vertices (or nodes),

* E(QG) is the set of edges, which are unordered pairs of distinct vertices.

For simplicity, we often write G = (V, E) when the context is clear. Throughout this paper, we
consider only simple, undirected graphs, meaning there are no multiple edges or self-loops.

If X is a subset of V(G) or E(QG), its complement is denoted by X°¢, defined as:
X =V({G\X or X°=EG)\X,
depending on whether X refers to a vertex or edge subset.

Definition 2 (Subgraph) /2] Given a graph G = (V, E), a subgraph H of G is a graph H =
(Vi, Er) such that:

° VH g V(G),
* Ey C E(G), where each edge in Ey connects vertices in V.
If Vg = V(G), we say H is a spanning subgraph of G.

Definition 3 (Tree) [2] A tree T' = (V, E) is a connected, acyclic graph, meaning that for every
pair of vertices u,v € V, there exists exactly one path between u and v. Equivalently, a tree is
a graph with |V | — 1 edges and no cycles.
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Definition 4 (Cycle Graph) (c¢f.[57]) A cycle graph, denoted by C,, is a graph that consists of
a single cycle containing n vertices. Formally,

V(Cn> = {Ul, Vo, ... ,’Un}

and
E(C,) = {{v1, v}, {va,v3}, ..., {vn_1,vn}, {vn, v1}}.
Every vertex in C,, has degree 2.

Definition 5 (Path Graph) (cf.[58]) A path graph, denoted by F,, is a graph that consists of a
single path with n vertices. That is,

V(P,) ={v1,v9,...,0,}

and
E(P,) = {{v1, v}, {va,v3}, ..., {vn_1,0a}}.

In P,, the two endpoints have degree 1 while all other vertices have degree 2.

Definition 6 (Distance in a Graph) (cf.[2]) Let G = (V, E) be a graph. The distance between
two vertices u,v € V, denoted by d(u,v), is the length of the shortest path connecting u and
v in G. If no such path exists, the distance is defined as c.

Example 1 (Distance in a Path Graph) Consider the path graph P5 with vertices

V(PS) = {Ul,Ug,Ug,U4,U5}

and edges
E(P5) = {{Ub 02}7 {02’ U3}’ {Ui’n v4}’ {U4’ U5}}'

The shortest path between vy and vy is (vy, vo, v3,v4), which has length 3. Thus, the distance
between v; and v, 1S
dp5 (Ul, ’04) = 3.

Definition 7 (Separator) (cf.[59, 60]) Let G = (V, E) be a graph. A separator in G is a subset
S C V such that removing the vertices in S (and the edges incident to them) disconnects G into
two or more connected components. In particular, given two disjoint subsets A, B C 'V, a set
S is called an (A, B)-separator if every path in G from a vertex in A to a vertex in B contains
at least one vertex from S.

Example 2 (Separator in a Path Graph) Consider the path graph P5 with vertices
V(P5) = {Ulu V2, U3, V4, 'U5}
and edges
E(P5) - {{Uh U2}7 {U27 U3}7 {U37 04}7 {U47 U5}}'

If we choose S = {w3}, then removing S disconnects Ps into two components: one containing
{v1,v2} and the other containing {v,, vs}. Hence, S = {vs} is a separator in P, as it ensures
that no path remains between the two disconnected parts.
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Example 3 ((A,B)-Separator in a Cycle Graph) Consider the cycle graph Cs with vertices
V<Cﬁ> = {Ula Vg, U3, V4, Us, UG}

and edges forming a cycle

E(C6) = {{Ulv U2}7 {U27 v3}7 {U37 U4}> {U4> U5}> {U5> UG}’ {7)6’ Ul}}'

Suppose we want to separate two disjoint subsets A = {v;} and B = {v4}. The set S =
{vq,v3} is an (A, B)-separator because every path from v; to v4 must pass through at least one
vertex in S. Removing S disconnects A from B, making it a valid separator.

Definition 8 (Bipartite Graph) (cf.[61, 62]) A graph G = (V, E) is called a bipartite graph if
its vertex set V' can be partitioned into two disjoint subsets V) and V5 such that every edge in

E has one endpoint in V and the other in V5. Formally, there exists a partition V =V, U V,
with Vi N Vy = () such that:

E C{(u,v) | ueVi,veVa}.

If no such partition exists, the graph is said to be non-bipartite.

2.2. Graph Parameters and Graph Width Parameters

In this paper, we consider the following definitions.

Definition 9 (Branch Decomposition [19]) Let G = (V, E) be a graph. A branch decomposition
of G is a pair (T, o) satisfying:

1. T'is a tree in which every vertex has degree at most 3.

2. o is a bijection from the set of leaves of T' onto the edge set E of G.

For any edge e € E(T), removal of e disconnects T into two subtrees. The width of e is defined
as the number of vertices v € V for which there exist two leaves t, and ty located in different
connected components of T \ {e} such that the corresponding edges o(t,) and o(ts) are both
incident with v in G. The width of the branch decomposition (T, o) is the maximum width over
all edges of T. Finally, the branch width of G, denoted bw(G), is the minimum width over all
branch decompositions of G. By convention, if |E(G)| < 1, then bw(G) = 0.

Example 4 (Branch-Width of a Cycle Graph) Consider the cycle graph C, with vertices
V(Cy) = {v1,v9,v3, 04}
and edges
E(Cy) ={e1 = {v1, 02}, ea = {vq,v3}, e3 = {vs,v4}, €4 = {vyg,v1}}.

A branch decomposition (7', o) of C can be constructed as follows. Let 7" be the tree with four
leaves arranged in a binary structure: for instance, let 7" have two internal nodes u and w such
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that u is adjacent to leaves ¢, and 5, w is adjacent to leaves ¢3 and ¢4, and u and w are connected
by an edge. Define the bijection o by

o(ty) =e1, o(ty) =es, o(ts) =e3, o(ts) = ey.

For each edge in 7T, its removal splits T" into two subtrees whose corresponding sets of edges
in C'y induce a vertex separator. One may verify that every such separator involves at most
2 vertices. Hence, the width of this branch decomposition is 2, and it can be shown that the
branch-width bw(Cy) = 2.

Definition 10 (Linear Decomposition (Linear Width)) [42, 44] Let G = (V, E) be a graph with
|E| = m. A linear decomposition of G is an ordering of its edges, denoted by

(e1,€2,. .. €m).
For each index © with 1 < 1 < m, define
S; ={v €V :visincident to an edge in {e1, ..., e;} and also to an edge in {e;11,...,en} }.
The width of this linear decomposition is given by

max |9;|.
1<i<m

The linear width of G, denoted Iw(G), is the smallest integer k > 0 for which there exists a
linear decomposition of G with width k.

Example 5 (Linear-Width of a Path Graph) Consider the path graph P, with vertices
V<P4) - {Uh V2, U3, U4}

and edges
E(Py) = {e1 = {v1, 12}, ex = {va,v3}, e3 = {v3,va}}.

Take the linear ordering of the edges as
(e1,e9,€3).
For each index 7 with 1 < 7 < 3, define the separator
S; ={v € V(P,) : visincident to an edge in {ey, ..., e;} and to an edge in {e;11,...,e3} }.

Then:

» For i = 1, the prefix is {e;} and the suffix is {ez, e3}. The common vertex is vq, SO
Sl = {UQ} and |51’ =1.

» For i = 2, the prefix is {e;, eo} and the suffix is {e3}. The common vertex is v3, so
Sy = {vs} and | S| = 1.
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Thus, the linear-width of P; is
Iw(P,) = max{|5i], |S2|} = 1.

Definition 11 (Tree Distance Decomposition and Tree Distance Width [36,37]) Let G = (V, E)
be a graph. A tree distance decomposition of G is a triple

(ixilieny, T=(F), r),
which satisfies the following conditions:
1. Partition of vertices: The collection { X, };cr forms a partition of V; that is,

UXZ-:V and X;NX; =0 foreveryi#j.

el
2. Tree structure: T = (I, F) is a tree with vertex set I and edge set F, and r € I is a

designated root.

3. Distance preservation: For every vertex v € V with v € X, the distance from v to the
root set X, in G is equal to the distance from r to i in T; that is,

de(X,,v) = dp(r,i).

4. Edge connectivity: For every edge {v,w} € E, there exist indices i,j € I such that
v € X; and w € X;, and either i = j or {i,j} € F.

The width of a tree distance decomposition is defined as

max | X;|,
iel
and the tree distance width (TDW) of G is the minimum width over all such decompositions.
A rooted tree distance decomposition is a tree distance decomposition in which the root

set X, is a singleton (i.e., | X,.| = 1). The minimum width over all rooted tree distance decom-
positions defines the rooted tree distance width (RTDW) of G.

Definition 12 (Path Distance Decomposition and Path Distance Width [36,37]) Let G = (V, E)
be a graph. A path distance decomposition of G is defined analogously to a tree distance de-
composition, with the following modifications:

1. The tree T is required to be a path; that is, T is a tree in which every vertex has degree
at most 2.

2. The designated root r in 'I' is chosen such that it has degree one.

In this setting, the decomposition can be represented as an ordered sequence of vertex subsets:

(X1, Xo, ..., Xy),
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where X is the root set. The width of a path distance decomposition is defined as

max | X;|,

1<i<t
and the path distance width (PDW) of G is the minimum width over all such decompositions.
Similarly, a rooted path distance decomposition is a path distance decomposition where the

root set X is a singleton (i.e., | X1| = 1), and the corresponding graph parameter is denoted
by RPDW.

Example 6 (Path-Distance-Width of a Path Graph) Consider the path graph P, with vertices
V<P4) = {Ul, V2, U3, U4}
and edges
E(P4) = {{Ula 1}2}7 {U27 U3}7 {U37 U4}}-

A natural rooted path distance decomposition of Fj is given by the ordered sequence of vertex
sets:
(Xla XQa X37 X4)a

where we define
Xy =A{u}, Xo={ve}, Xz={vs}, Xa={uv}.

Here, X is the root set (of size 1) and serves as the starting point. For each vertex v € X;,
the distance from v to the root X; in P, is exactly ¢ — 1, which matches the distance in the
underlying path of the decomposition. The width of this decomposition is defined as

max | X;| = 1.
1<i<4

Thus, the path-distance-width of P, is PDW(FP,) = 1.

Definition 13 (Feedback Vertex Set (FVS)) [51, 52, 53] Let G = (V, E) be a graph. A feedback
vertex set (FVS) is a subset S C V such that the graph obtained by removing all vertices in S
(and their incident edges) is acyclic—that is, it becomes a forest. The size of the FVS is denoted
by |S|, and in many applications one seeks an FVS of minimum size.

Example 7 (Feedback Vertex Set (FVS)) Consider the cycle graph C5 (a triangle) with vertices
{v1,v9,v3} and edges {(v1,v2), (va,v3), (v3,v1)}. Removing any single vertex (for instance,
v1) yields the graph with vertices {v9, v3} and a single edge (vs, v3), which is acyclic. Thus, a
minimal FVS for C5 has size 1.

Definition 14 (Maximum Matching Decomposition) [50] Let G = (V, E) be a graph. A maxi-
mum matching decomposition of G is a pair (T, 0) consisting of:
1. A tree T" in which every vertex has degree at most 3.

2. Abijection 0 : V — L(T) that assigns each vertex of G to a unique leaf of T (here, L(T)
denotes the set of leaves of T').
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For each edge e € E(T), its removal splits T' into two subtrees, say T\ and T5. These subtrees
induce a partition of the vertices of G into

Dy={veV:0w) eV(T1)} and Dy={veV:0w)eV(l)}

Let B, be the bipartite subgraph of G consisting of all edges with one endpoint in D1 and the
other in Dy. The width of the edge e is defined as the size of a maximum matching in B.. The
width of the decomposition (T, 0) is the maximum width over all edges e € E(T). Finally,
the maximum matching-width of G, denoted by MM-width(G), is the minimum width over all
possible maximum matching decompositions of G.

Example 8 (Maximum Matching Decomposition) Consider the path graph P; with vertices
{v1,v9,v3} and edges {(v1,v2), (va, v3)}. One possible maximum matching decomposition is
as follows:

1. Choose T’ as a star tree with three leaves (one for each vertex) and a central internal node.

2. Define the bijection J by mapping vy, vy, and v to three distinct leaves of 7.

Now, consider any edge e of 7'. Removing e partitions the leaves into two groups. For example,
if the removal of e isolates the leaf corresponding to v, from the leaves corresponding to v; and
v3, then the induced partition of V' is Dy = {vy} and Dy = {vy, v3}. The bipartite subgraph B,
then includes the edge (vq,v2) or (ve, v3) (depending on the precise structure of 7). In either
case, the maximum matching in B, has size 1. As this holds for every edge in 7', the width of
this decomposition is 1, and hence MM-width(P3) = 1.

ITII. Main result of this paper

We discuss about results of upper bounds and lower bounds.

3.1. Bounding Distance-width Using Feedback Vertex Set and MM-width

The following theorem presents bounds on Distance-width using the Feedback Vertex Set
and MM-width.

Theorem 1 Let G be a graph. Then:

1. Bounded path-distance-width does not necessarily imply that the size of a minimum feed-
back vertex set is bounded, i.e.,

PDW(G) bounded # FVS(G) bounded.

2. Conversely, if G has a bounded feedback vertex set, then its path-distance-width is bounded,
Le.,
FVS(QG) bounded = PDW(G') bounded.

Proof. We first address the claim that bounded path-distance-width does not imply a bounded
feedback vertex set.
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Counterexample: Consider a graph G that contains a large complete bipartite subgraph
K, along with additional paths attached. It is possible to arrange the edges of GG into a
path-distance decomposition with small bags (i.e., with small PDW(()) because the paths can
be decomposed into vertex sets of bounded size. However, to eliminate all cycles within K, ,,
one must remove at least m vertices (for instance, by deleting an entire bipartition), implying
that the minimum feedback vertex set has size at least m. By choosing m arbitrarily large, one
obtains a graph with bounded path-distance-width but unbounded FVS.

Next, we prove that if G has a bounded feedback vertex set, then its path-distance-width
is bounded.

Let S be a feedback vertex set of G with |S| = k, and let G’ = G — S be the acyclic graph
(a forest) obtained by removing S. Since forests admit path-distance decompositions with small
bags (in fact, each bag can be taken to have at most 2 vertices), we have

PDW(G') < 2.

Reintroducing the vertices in .S into the decomposition increases the size of each bag by at most
k. Hence, the path-distance-width of G satisfies

PDW(G) < PDW(G') + k <2+ k.
Since k is fixed by the boundedness of the FVS, it follows that PDW(() is bounded. [

Example 1 (Counterexample for Theorem 1 (Part 1)) Consider the graph G constructed as fol-
lows. Let GG contain a complete bipartite subgraph K, ,,, with bipartition sets A and B (where
|A| = |B| = m). To ensure connectivity, attach additional paths that join the vertices of K, ,,
into a single connected graph. One can design a path-distance decomposition for G with small
bags (for instance, with width at most 2) by ordering the edges of the attached paths appropri-
ately. However, because K, ,,, contains many cycles, any feedback vertex set must remove at
least m vertices (for example, by deleting one of the bipartition sets entirely). Thus, even though
PDW(G) is bounded by a constant, the size of the minimum feedback vertex set FVS(G) is at
least m and can be made arbitrarily large by increasing m.

Example 2 (Example for Theorem 1 (Part 2)) Consider the graph G formed by taking a cycle
Cs and then removing one vertex to obtain a tree, and afterward reintroducing that vertex along
with its incident edges to recreate the cycle. In this graph, the minimal feedback vertex set
consists of a single vertex (removing that vertex breaks the cycle), so FVS(G) = 1. Since
the acyclic graph G — {v} (a tree) has a path-distance decomposition with width at most 2,
reintroducing one vertex increases the bag sizes by at most 1. Hence, PDW(G) < 2+ 1 = 3.
This demonstrates that if G has a bounded feedback vertex set, then its path-distance-width is
also bounded.

Theorem 2 [f a graph G has bounded maximum matching-width, that is, if MM-width(G) < k
for some constant k, then the path-distance-width of G is also bounded.

Proof. Assume that MM-width(G) < k. By definition, there exists a maximum matching de-
composition (7', 0) of G such that for every edge e € E(T), the corresponding bipartite sub-
graph B, (induced by the partition of vertices defined by removing e from 7°) has a maximum
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matching of size at most k.

For each edge e € E(T), let D; and D, be the vertex sets corresponding to the two
connected components of 7"\ {e}. The set of vertices incident to edges crossing between D,
and D, forms a separator S, in GG. By K&nig’s theorem, the size of a minimum vertex cover
of the bipartite graph B, equals its maximum matching size, so there exists a vertex cover of
B, of size at most k. Even if S, is not minimal, a straightforward argument shows that we can
assume

|Se| < 2k.

We now construct a path-distance decomposition of GG by converting the tree 1" into a
path (for example, by performing a depth-first traversal of 7" to obtain a linear ordering of the
separators). In this decomposition, each bag X is associated with one of the separators S., and
thus its size is bounded by 2k. Consequently, the path-distance-width of G satisfies

PDW(G) < 2k.

This completes the proof that bounded maximum matching-width implies bounded path-distance-
width. O

Example 3 (Example for Theorem 2) Consider the path graph P, with vertex set

V(P4) = {017’02,’03,714}
and edge set
E(Py) = {e1 = {v1,v2}, ea = {v2,v3}, e3 = {vs,v4}}.

A maximum matching decomposition of P, yields a maximum matching size of 1 for every
separator, so MM-width(P;) = 1. By performing a depth-first traversal of the corresponding
decomposition tree, one obtains a path-distance decomposition in which each bag (associated
with a separator) has size at most 2. Thus, PDW(P,) < 2, confirming that bounded maximum
matching-width implies bounded path-distance-width.

3.2. Bounding Linear-width Using Feedback Vertex Set and MM-width

The theorem concerning linear-width, bounded Feedback Vertex Set, and MM-width is as
follows. It bears similarity to the proof of Path-distance-width discussed earlier.

Theorem 3 Let G be a graph. Then:
1. There is no universal function f such that
FVS(G) < f(w(G))

holds for every graph G, in other words, having bounded linear-width does not imply
that the size of a minimum feedback vertex set (FVS) is bounded.

2. Conversely, if G has a feedback vertex set S with |S| bounded by a constant, then the
linear-width Iw(G) is also bounded by a function of |S|.

Proof. We prove each part in detail.
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(1) Bounded lw(G) does not imply bounded FVS. We claim that there exists a family of
graphs for which the linear-width is bounded by a constant while the size of the minimum
feedback vertex set grows arbitrarily large.

Counterexample: For each integer m > 1, construct a graph G, as follows. Start with m
disjoint cycles, each being a triangle C5. Note that each triangle admits a linear ordering of its
edges with a small separator (for example, one may obtain lw(C3) < 2). Now, connect these
m triangles in a path-like manner by adding a single edge between one vertex of a triangle and
one vertex of the next triangle. This joining can be done so that the overall linear-width of the
connected graph (,,, remains bounded by a constant (say, at most 3) independent of m.

However, in order to break all cycles in G,,, one must remove at least one vertex from
each triangle. Consequently, the size of any feedback vertex set in GG, is at least m. Therefore,
even though Iw(G,,,) is bounded by a constant, the minimum FVS grows without bound as m
increases. This shows that no function f exists which can bound FVS(G) solely in terms of
w(G).

(2) Bounded FVS implies bounded Iw(G). Assume that S is a feedback vertex set of G with
|S| = k, and let G’ = G — S be the acyclic graph (a forest) obtained by removing S from G.
Since G’ is a forest, it can be decomposed linearly with very small separators. In fact, one may
arrange the edges of GG’ in a linear order

A N
so that for every index ¢, the set

S; ={v e V(G') | visincident to an edge in both (¢, ..., €;) and (e, ,,...,€,,) }
satisfies |.S/| < 1. Hence,
w(G") < 1.

Now, when the vertices in S are reintroduced to form G, each bag in the linear decompo-
sition of G’ may grow by at most k vertices. Therefore, we obtain

w(G) <Iw(G)+k<1+k.

Since k = | S| is bounded by assumption, it follows that Iw(G) is bounded by a function of |.S|.

Combining both parts, we conclude that while bounded linear-width does not guarantee a
bound on the size of a feedback vertex set, a bounded feedback vertex set does imply bounded
linear-width. O

Example 4 (Counterexample for Theorem 3 (Part 1)) For each integer m > 1, construct the
graph G, as follows. Start with m disjoint triangles (each triangle is a cycle C5) and then
connect these triangles sequentially by adding a single edge between one vertex of a triangle
and one vertex of the next triangle. Each individual triangle admits a linear decomposition with
a small separator (for example, lw(C3) < 2), and with a careful ordering of the edges the
overall graph G,,, can be arranged to have a bounded linear-width (say, at most 3). However,
since each triangle contains a cycle, any feedback vertex set must remove at least one vertex
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per triangle, which means FVS(G,,,) > m. Thus, even though Iw(G,,) remains bounded by a
constant, the size of the minimum feedback vertex set grows without bound as m increases.

Example 5 (Example for Theorem 3 (Part 2)) Consider the graph GG obtained by taking a tree
(which has linear-width 1) and adding one extra edge that creates a single cycle. In this graph,
the minimal feedback vertex set has size 1 (removing that vertex breaks the cycle). Removing
the vertex yields a forest with linear-width 1, and reintroducing the vertex increases the linear-
width by at most 1. Therefore, Iw(G) < 1+ 1 = 2, showing that a bounded feedback vertex
set implies bounded linear-width.

Theorem 4 If a graph G has bounded maximum matching-width, that is, if
MM-width(G) < k
for some constant k, then its linear-width is also bounded by a function of k. In particular,

w(G) < 2k.

Proof. Assume that G has a maximum matching decomposition (7, 9) such that for every edge
e in the tree T, the associated bipartite subgraph B, (obtained by partitioning GG according to
the two connected components of 7'\ {e}) has a maximum matching of size at most k.

For each such edge e, let the removal of e partition 7" into two subtrees, which in turn
correspond to two subsets D; and D of vertices in GG (as determined by the bijection J). By
Ko&nig’s theorem, the bipartite graph B, has a vertex cover of size at most k; however, to cover
both endpoints of each edge in a matching, the separator induced by e in GG involves at most 2k
vertices.

We now construct a linear ordering of the edges of G based on a depth-first traversal of
the tree 7. This traversal yields a linear sequence

(61, €a, ... 7€m)
of the edges of GG (via the bijection 0). For any index ¢ with 1 <17 < m, let
S; ={v € V(G) | visincident to edges in both (ey,...,¢;) and (e;41,...,€m) }

be the separator corresponding to the cut between the prefix and suffix of the ordering. By the
construction, each such separator is associated with a cut in 7" whose size is bounded by 2k.
Hence,

|S;| <2k for all 4.

Taking the maximum over all ¢, we conclude that
w(G) < 2k.

Thus, bounded maximum matching-width implies that the linear-width of G is also bounded
by a function of k. ]
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Example 6 (Example for Theorem 4) Again, consider the path graph P, with vertices

V(P4) = {Uh Vg, U3, 114}

and edges
E(P4) = {61, €9, 63}.

A maximum matching decomposition of P; has MM-width(P,) = 1, as every separator (ob-
tained from the corresponding bipartite subgraphs) has a maximum matching of size at most
1. By converting the decomposition tree into a linear ordering via a depth-first traversal, we
obtain a linear decomposition whose separators have size at most 2. Hence, Iw(P;) < 2, which
confirms that bounded maximum matching-width implies bounded linear-width.

IV. Conclusions and Future Research Directions

In this paper, we provided proofs for the upper and lower bounds of certain graph param-
eters. For future research, we aim to investigate the upper and lower bounds of other graph
parameters, such as Tree-Partition-Width and Path-Partition-Width [63, 64, 65, 66].

Additionally, we plan to extend the graph parameters discussed in this paper to hyper-
graphs[67, 68, 69, 70, 71], Bidirected Graphs[72, 73], Mixed Graphs[74, 75], and superhy-
pergraphs[76, 77, 78, 79, 31, 80, 81, 82], exploring their properties and implications in these
broader settings.
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