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Abstract. This paper aims to inquire, investigate, extend and generalize the order of the
derivative from the set of integers into set of non-integers, known as the fractional
derivative, of some functions. In particular, this paper introduces, determines and

provides sufficient conditions in the existence of gth derivative of the functions in the

P m ya m
form D? (kx2 Jand D? (kx+k,)2 where k,k,,k, are nonzero real numbers, m € Z and

p( m
p is odd. This paper also presents and describes the graphs of D? [ksz and

r m
D? (kx*k,)2 where k, k,, k,are nonzero real numbers, m e Z* U {0} and p is odd.
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I. INTRODUCTION

Fractional calculus has attracted a lot of attention lately, mostly as a result of the growing
number of applied science research projects. Aside from that, the study of fractional calculus
has advanced mathematically, resulting in connections with other areas of mathematics like
probability and stochastic process analysis. It is the new calculus of modernity, where
derivatives and integrals of any order can be performed because integration and differentiation
procedures are no longer restricted to integer orders. The growing number of papers published
in this field and its application to other applied science fields [1-9] demonstrate that it has been
a focus of research worldwide and is currently regarded as a highly studied issue.

The relevance of fractional calculus was supported by the numerous definitions of fractional
derivatives that have emerged over time. Some of these definitions have been driven by pure
theoretical goals, but more significantly, many have been obtained with a judgement toward
their potential use in various research domains. In the literature, several different definitions of
fractional integrals and derivatives are present. Some of the most prominent definitions, each
with its own significance and use: Hadamard, Weyl, Caputo—Hadamard, Hilfer, Riesz, Hilfer-
Hadamard, Erdélyi—-Kober, Caputo—Riesz, and Griinwald—Letnikov [1, 2, 10-12]. On the
otherhand, some applications can be found in [13-20]. According to some research, taking into
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account derivatives of non-integer order helps us better fit a theoretical model to experimental
data and forecast the dynamics of the processes it describes in the future.
In this paper, we aim to expose some mathematical theories on the fractional derivative of

p( m
some functions. Specifically, it intends to devise the generalized formula for finding D2 ( kx? j

r m
and D? (klxi k, )5 where p is odd, m € Z and k, k1>k2 are nonzero real numbers. This work

also will provide sufficient conditions in the existence of gth derivative of the functions

m

f (x) =kx? and g(x) = (klxik2 )? to be a real number, a complex number and a complex

m ya m
infinity. It will also present and describe the graphs of ng [kaJ and D? (klx Tk, )5 where p

isodd, meZ" U{0} and k,k,,k, are nonzero real numbers.

II. RESULTS AND DISCUSSION

We determine the sufficient conditions in the existence of %l‘h derivative of the functions

f(x)=hx? and f(x)=(kx*k,)2 to be a real number, a complex number and a complex

pf m 2 m
infinity. This presents and describes the graphs of D2 (kx2 j and D? (klxik2)2 where p is

odd, meZ" U{0} and k,k,,k, are nonzero real numbers.

Theorem 1. Let [ (x) = kx? where m e Z and k,xeR, k = 0. Then the fractional derivative

pf m
D? (kx2 Jis given by

2 (m—P-l]!(M]! —
(i)sz(ka]= 2 2 ka if meZ'isevenand m—p>0;
7T

(m—p)!

N p(om 2 (m)!(_m+p)! 2 _mp
(if) Dz(loﬂj: 2 1 Kx"" if meZ" is even and m—p <0, and
- j!\/ .

m-p(-)l T ("” Lz

p( m
(iii) D2 | kx? |= m! N2 Zx" P if meZ"is odd and m—p >0
2 )L 2 )

where p is odd.
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2

Proof: (l) Suppose f(x)=kx?, meZ"iseven, m—p>0, P isoddand k,xeR with k#0
. Then by definition, we know that

o (3
DD, [k;;j:D; [’“Z}Dx {k(%]x(':IJ}:,{@%_I}C[?ZJ

Continuing this pattern we will obtain
D;l ]QCE :l)}cl)‘?_1 ]QCE :ka ﬁ ﬂ_l E_Z ﬂ_3 . ﬂ—n+2 x;*(”*l)
’ 2 )02 2 2 2
N C e SR Cat COR
2 )2 2 2 2 2

=2"nm(m—z)(m—4)(m—6)-..(m—zn+4)(m_zn+z)x('5")

Multiplying the numerator and denominator by (m - 2n) ', we will arrive

m
—-n

D”[ m] k m(m—2)(m—4)(111—6)---(m—2n+4)(m—2n+2)x(2 ) (m—2n)!!

T I (m—2n)!

kx?

m

m I n_,
D! (kxzj:ﬁkxz .Now, if m e Z" is even then let =25 forany r e Z*
m—2n)!!

implies that m!!=2r!1=2r(2r—2)(2r—4)(2r—8)------4.2
3 2r(2r—l)(2r—2)(2r—3)(2r—4)------3-2-1
— (2r=1)(2r=3)(2r-5)(2r=7)--+-3-1

=2(r)2(r-1)(r=2)(r-3)(r—4)------2(3)-2(2)-2(1)

=2"r!
Also,
(m=—"2m"=2r-2n!"'=Q2Fr—-n)!!'=2(r—-n)Q2r—n)-2)2(r—n)—4)------ 4.2
=2""(r-n)!. It follows that D" [kaJ = _2r,,! loc(%nj = r—'kx(%nj
) 272l ")(r—n (r—n)!

m
Substituting with 7=— andn =£, results in é’( 3
2 2 D

x

)!
5)
_\2) kx(?] Note that
m-—p
2

RICE:

meZ" is even and P is odd which means that (m;p Jis non-integer in
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kx( 2 Jand since m— p >0, then we can express (?j!, we have

2
m-—p m-—p m-—p m-—p . m—pj . .
(—j!zl‘ ( j+l =( jl“( j Then solving for I'| —— |yields in
2 2 2 2 2
(

F(m_pjzz(ump))\/; (m—-p)- )

2 (m—p—l |
5 !

(m pj [m pj ) Jz (m=p-1)!_ (m=p)(m—p-1)127"""x (m-p)t

2 2 m-p-1 | - m—p—l | 2(m-p) m-p-1},
2 2 )

(m)
2 hence we have

. Substituting,

p( m
Substituting this result into D2 L kx? J (

yree| Bl )
pil 1 |- 2 2) KR
! (m-p)! T

kx*, meZ"iseven, m—p<0,p isodd and k,xeR withx =0. By()

3

(ii) Suppose f(x)=

[ ) (@) Wehave["’;”)!{”";p]r("@;ﬂ.smcem_p<o,we

can express F(%pj, which means

(—1)[%“1) 2me) (_m”’_lj!&

r(?)zr(_(—m;lﬂjj: (= p) 2 :
. (m—p)[%g"‘ljz(—l)(”’*P*l) mep \/_

(—m+p)!

3)
. m-p
2 |o_\2 kx( 2 ], we obtain

=
5
=
o
=
w2
—-
=
o
=%
TN
N
<
~
Il
TN
3
N
g
~—
)1
TN
N
N
|
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P m 2m_!’+1 (mj’(_m + p)' 2__m—p
D2 (ksz — 2 ’k X '
x —m+p+1 _ _
(—1)( > )(m—p)[m_'_zplj! 4
(iii) Suppose f(x)=kx?, meZ*isodd, m—p>0, p isodd and k,xeR with k#0. By (i)
z k m!!
D!| kx? |=—-————, subsequently, if meZ"is odd, that is, m=2r+1for any
2" (m — 2n) "

r € Z" which implies

ml=Q2r+ D= 2r+1)2r—1)(2r—3)2r—5)-----3-1

_@r+1)!
2"r!
and (m—2n)!'=Q2r—-2n+DH!"=Q2r—-2n+1)2r-2n-1)2r -2n-3)2r —2n—>5)------ 3.1
_ ! o ! 2r=-2n+1)! .
:M. Then subst1tut1ngm!!:w and (m—2n)!!=(i—n) into
27" (r—n)! 2"r! 27" (r—n)!
m m=2n
D"| kx? =m—”kx( 2 ),we now have
g 2" (m=2n)!!
(2r +1)! . _2
oo 21! W 27Dl ey
2'(2r-2n+1)! 2 (2r =20 +1)!
27" (r-n)!

. m P .
And replacing 7 = andn = EE we will get

o m,(m—p—j, -
D2 (ksz: 2 1 ,OC(T]
2p(m—p)![m2_ !

Note that m € Z" 1s odd and P is odd implies that (M—Tp—lj 1s non-integer, thus,

m—p—1
we can express | ———

e L e A
2 o 2 2 (m—pj' '
=
2" m=p)N

D,g[k"r;): m{zjl eyl ( 2 j! W) _m

j!, since m— p >0, we have
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Example 1. Let f(x):x, m=2,p=landk=1. Since meZ"is even, m-p>0, p is

odd, we can apply (i ) in Theorem 1 so we have
2—-1-1

1 2 1 221( )!()! 2 _2-1
D2x2 =D2x = 2 2 1"x =2 x .
* ¥ (2—1)! N T

m p( m
Corollary 2. Let f(x) =kx? . Then the fractional derivative D} (/@c2 j is a complex number

given by
. P m (l)p 2m7p+1(—m+p—1)' . .
(Z)sz (ksz: Vi ax™ P if meZ isevenand m—p<0;
!

e
(—1)(%) 2" (m_zp_l
(m_p)!(_mz_zj!

()
(iil') ng(;{xz)z 2 2 kX" if mez isoddand m-p<0
T

2" (—m+ p)(—m —1)!

j' [k pxm—r Y meZ isevenand m—p>0,and

) 7]

where p is odd.

Proof: (l) Suppose f'(x) = kx?, meZ iseven, m—p<0 and p isodd. By (l) in Theorem

1, we get
D! [mrszzi{m(m_z)(m—@(m_@ ...... (m—2n+4)(m—2n+2)x’§"]

Since m € Z~ is even, then m, m—2, m—4, m—6,..., m—2n+4, m—2n+2 are negative. To
make them positive, we multiply by 1= (—1)(—1) and obtain

D! [kaJ = zin(—l)(—l) {m(m —2)(m—4)(m—6)---(m—2n+4)(m—2n+ 2)x(r2n"]}

D! (kxz) B Zk—,,(—l)" (—m)(—m+2)(—m+4)(—m+6)---(—m+2n—4)(—m+2n — 2)x[%_")

Likewise multiplying the numerator and denominator by (—m —2)!! to have

Iy (kx’;j _ (—l)" (—m) —m+2)(—m+4)------ (—-m+2n—4)(—m+2n— Z)kx(%_n] (Em-=2)!
'« bR (—m—=2)!

and

D! (er;J _ (_1)" (—rn+2n—2)”kx(m—72nj'
2" (—m—2)!!

Since m e Z~is even, we let m = —2s for
s eZ", then by substitution, we get
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(—m+2n-2)11=(2s+2n-2)!
:(25+2n—2)(2S+2n—4)(2s+2n—6)(2s+2n—8)---4-2
3 (2S+2n—2)(2s+2n—3)(2s+2n—4)(2s+2n—5)------3-2-1
2s+2n-3)2s+2n-5)2s+2n—-7)2s+2n—9)------ 3-1
=2"""(s+n-1)..

Also,
(=m=2)11=(25-2)!1=(25-2)(25—4)(25-6)(25~8)--+--4-2
_(25-2)(25-3)(25s—4)(25=5)-----3-2-1
~ (25-3)(25-5)(25=7)(25=9)--+--3-1
=2(s—1)2(s—2)2(s—3)2(s—4)------2(2)-2(1)
=2H(s—1)!.
Substituting (—m +2n —2)11=2""" (s +n—1)! and (—m —2)11=2*" (s —1)!into

. [er; ] () emr2n=21 (") vields

ol |- G2 (s n 1) kx('”%”)
) 2725 (s —1)!

and thus

D! (kxj (—1)';£s_+1;-1>zh(m-;njl

. m p .
Replacing s = —5 and 7 = —results in

—-m+p—2

D;;[,a'sj_“i(_m_%)’hm
T2 )

Since m e Z is even and p is odd implies that (%}9—2] is non-integer in

2f—m+p—-2
o )
D? (IOCZJZ et 2 ).
(—m—Z)'
5 !
So, we can express (%}9—2)!, and we obtain

(—m+p—2J!: r(—m+p—2+1jzr(—m+pj: 2'”"’“(—m+p—1)!.
2 2

2 -m+p—1 |
— )

Therefore, we get
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FaL N

» m—p+l ( _
( 1)152 P ( m+p 1)!\/72’
-m+p-—2

o (1] oy (z)’,a(m;ﬂ _ ) o)

-7 -

(—m—2j' - (_m_zj!
2 ) 2
1\”
m P m—p+ -1 2) 2m*p+1 _m+p_1 !
D% o :(—1)22 ”1(—m+p—1)!m:[( ) ( : kK*mx" "
x (—m+p—1j,(—m—2j, [—m+p—1j'(—m—2j,
2 JU 2 ) 2 JLU 2 )
D [ksz i ((i)p S N

—m+p—lj(—m—2j'
2 ’ 2 ’

This completes the proof of part (7).

(if)  Suppose f(x):kx%, meZis even, m-p>0, andp is odd. By (i)

(—1)5[7"”“’—2) - .
Dg(kx";j: 2 kx[ 2’] and since —-m+ p<0, we can express
Ty
2
(Lp_zj!as
2
(M].zr(wjzb
2 2
m—p+1 e m— _1
(=52)-r(-(252)) R L
I =I| - = .

2 2 (m—p)!
Henceforth,
o () e (=
Dg[m?J(l)z(;zjlh(”?)(l)z (m(p)!z ) -

ol
) )

e mmp)
o) S

This completes the proof of part (ii).

(iii) Suppose f(x) —kx?, meZ isodd, m-p<0, and p is odd. By (i),
m n m—2n

. {WJ _(-1) (—m+2n—2)!!kx( .

2 o j If meZ is odd so we let m =—2¢+1for any
—m — .

t € Z"which means that by double factorial, we have (—m+2n—2)!'=2¢t+2n-3)!!
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=(z(wj_1ju= Qi421-D! g (cp-d=(u-3= Q)= gy
2 2[2”2” 2](2t+2n2) 27(-1)
2

m -1 - - m=2n -m+1
substitution, it follows that D! [JQCZJZ( 1) (+20-2)kt lex( 2 ].Now, substitutingt=T

2 (M;_zj!(zt ~)!

and 71 = £ then we will obtain

() —1!"’"‘1jl v (=1)2 (cm+ p—1 !(_m_ljz -
D;[Wjj Fiomep-n S _C e T ()
’ zp(""*zp‘lj!(—m—l)! 27 (_mgp_lj!(—m—l)!

Since meZ is odd andp is odd which implies that (%p—l) is non-integer. Since

—m+ p >0, thus, we have

(—m+p—1j!:F (—m+p—1j+1 :F(—””pr_“j 2" " (=m+p)Nr |
2 2 2 - -m+p

(57)

Now, substituting

(—m+p—lj'= 2m_p(—m+p)!\/;

E

nto
oy () Cmtp- U'( = 1] (=)
D? [Wj: e 2,
21’(_m+2p_j!(—m—l)!
we have

s (=m+p),(-m-1 o[ —m+p),[—m—1
D2 h2 :(( ) j [ 2 j'( 2 )! k*x"" :(l) [ 2 j‘( 2 j! Kx" "
: >"m+py—m-11 N« mrp)m-1! \ ~ - ™

Example 2. Let f(x)=x", m=_2, p=1andi=1.Since meZ is even, m—p<0and p

is odd, we can apply (7)in Corollary 2 so we have

)=

(9)

o) ZCCN) 1 [
[ j (2+21 1)(222)

P m
Corollary 3. Let f (x ) kx2 Then the fractional derivative D? (kle is zero if meZ" and

HN‘._.
N\I\J
ﬁ

m—p <0where p and m are odd.
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e &3

Proof: Let meZ"isodd, m— p <0 and p isodd. By (iii) in Theorem 1, we have
D (er;] = m!
()

2 2
and we can express (m;pjlzr(m;p+lJ=F(m_5+2J so we get

2 —
k 7Z')Cm V4 ,

p

o m |
D2| kx? |= m: Vi zx"? for m—p+2>0.
2,,T(m—er2 m-1 |
2 2

Since meZ* isodd, m—p <0 and p isodd, welet m =2s—1 and p =2r+1 where s,rel’
. Since

m—p<0=>2s—1-Q2r+1)<0=25s-1-2r-1<0=2s-2r-2<0
= 2(s—r—-1)<0=>s-r—-1<0=s5-r<lI,

+1 -1
and r:p

_ —-p+2
s—r<1:>m—+l—(p—1j<1:>u<l.
2 2 2

m .
substituting § = , it follows that

Then by definition, F(m_Terzj =o0. So it implies that

pf m !
D? [kxz j SR E—
w o [m=1
2" oo —— !
( 2 )

. . . . . Cc
By arithmetical operations of complex infinity, — =0 where ¢ € C, we get
o0

p( m !
D? [M2J=é-—m' Erx"? =0. m
w " m—1 |
2
3

3 5
Example 3. Let f(x)=x>, m=3,p=5and k£ =1.Then p? (XZJ =0 by Corollary 3 since

m—p=3-5=-2<0.

m

n o m ~
Corollary 4. Let f (x)=kx? . Then the fractional derivative D? [loﬂ j is complex infinity o if

meZ and m—p>0where p and m are odd.

Proof: Let meZ is odd, m—p >0 and p is odd. Then by (iii) in Corollary 2, we have
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TP

; [—m+pj’(—m—ljv
Do i |= 2 )L 2 ) /kzx’”””
* 2" (=m+ p)(-m—1)! Vs
(—m+p)'_r(—m+p+1j_r(—m+p+2j
2 ) 2 2
T -m+p+2\ -m-1 —
2.3 2 2 k*x"?
D?| kx? |= for -m+p+2>0.
p/a

2" (—m+p)(—m—1)!
Since me Z is odd, m—p >0 and p is odd, we let m=-2s+1 and p=-2r—1 where

and we get

so we have

s,reZ” . Since
m—p>0=>-2s+1—(2r-1)>0=-25s+14+2r+1>0 = 2s+2r+2>0 =
2(s—-r-1)>0=>s-r-1<0=s-r<lI,

oo -m+1 -p—1 .
substituting § = and r= , it follows that
- -p— -m+p+2
m+1_( p 1j<1:> mTp <1
2 2 2

2
) m l/’&)(_m_lj! 2 m—p
Dol 2 | = 2 [
* 2" (=m+ p)(—m—1)! Vs
By arithmetical operations of complex infinity, ¢-o = where ¢ € C, hence,

s

o m - : 2 m— -

D2 | kx? |= oo 2 KX . m
* 2" (—=m+ p)(—m—1)! Vs

1 1 -3 ) -
Example 4. Let f(x)zéxfi, m=—1,p=-3 andk=—. Then D2 (%xzj:oo by

Then by definition, F(ij — . Soit implies that

2
Corollary 4, since m— p=—1—-(-3)=2>0.

Theorem 5. Let f (x)=(kxtk,)2 where mez, k., k,,x R, k,k, #0. Then the fractional

P m
derivative D? (kx+k,)2 is given by

N

. (m—p—lj,(mj. ,
1 . . m—p
_ 2 2) |(kxtk,) if meZisevenand m—p>0;
T

(i) D?(klxikz) )

i
.. 2P [’"jv -m+p)! -
(if) D§(k1x+k2)% f)emer) (ky2h)" " if me 2" is even and m—-p <0,
- —m+p+1
(_])[ 2p ](m_p)(_m;p_lj] s
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»
klzm! m-p . 4o
= 1/7r(klxirkz) if meZ'is odd and m-p>0
o m—p '(m—l :
2 )L 2 )

m
2

r m
2 2

and (iii) D? (kx+k,)

where P is odd.

Proof: (l) Suppose that f(x)=(kx=*k,)
k,,k, #0 . Then by definition, we know that

, meZ"is even, m—p>0 and k,k,,x € R with

D, (kxtk,)z =k [%(klxi , )('51]}

o

DD, (kx+k,)2 = D?(kx+k,)2 =D, {k] 2 (kx £k, )[?“)} — Kk, (%j (%— lj(klx h)5)
and continuing this pattern we will arrive at

D! (kxtk,)2 = DD (kxtk,)

=D, [(kl )n-2 (k])(%j(mz—Zj(mz—4j(m2—6j__,(%_n+2)(k1xik2)’2”—(n—l)}
B i Ty Ee NER Y i

:[klnjm(m—2)(m—4)(m—6)---(m—2n+4)(m—2n+2)(k,xik2)[m_22”)-

m
2

2 n

Multiplying the numerator and denominator by (m - Zn) ! will yield to

m-2n

EJm(m—2)(m—4)(m—6)~--(m—2n+4)(m—2n+2)(k1xik2)( 2 (20
2" 1 (m—Zn)!!

D! (kxtk,) :(

D! (kx=*k, )% = (kln jm—”(k,xik2 )(%] where m—2n2>0.

Accordingly from (l' ) in Theorem 1 for m € Z* is even which means 72 — 2n 1is also even then

o m . =(m
we let m=2r for any reZ" and substituting 7 =3 it follows that m!!=2?2 [;)' and

m-2n
(m—2n)!!=2[ 2 j(m_zsz!.Itfollowsthatt

n k'm!! m=2n
e ——zn(m_zn)”(klxikz)( =)

k2 7)) K2
1 [ 2 j (m72n) 1 ( 2 j (m72n]
= —- (k,xikz) 2 =—(k1xik2) 2
20 2 m—2n ! (m—an'
2 ) 2 )

then taking n = g , we get

D! (kx+k,
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el

8,

Note that meZ"is even and pis odd which means that (%) is non-integer. Since

m— p >0, then we can express (m;p]!,we have

(m—p],:(m—p)!f’"”’)\/;: (m—p)!

2 m—p—lJ! z(mp)(m—p—lj!
2 2

ké’[ﬂfj,
"2

Hence, we get

il ) =)
5 m 2 mopy m—p
Dx (klxikz)Z —Tl)!(klxikz) 2 = (m_p)!\/; (klxikz) 2
2 2(m_p)(m—p—1j!
2
(=2
P n 1 o — |- k ik m-p
D2 (kxtk,)? = 2 2) |tk ) " g

(m-p)! r
3

(ii) Suppose that f(x)=(kxtk,)2, meZ" iseven, m—p<0, p isoddand k,k,,x€R

) klg[’”j!
with kl,kzi(). By (i)an(kl)m_Lkz)E —_ N2/
")

2

non-integer since m € Z* is even and p is odd, so we can express
P ,

(kIXikz)( 2 ) and note that (T] 1S

m_

pj!,we have

p m kllz’(mj'
0 no 2
D? (kx+k,)2 =
m—p m—p
2 F ) 2£
SHiEY
Since m— p <0 then from (ii) in Theorem 1, we have

_ [%p”j (mep) [ —m =1,
)R Wr

o)

CE N E R P R s e

Therefore, by substitution, we have

(klxikz)[Lf] for m—p>0.

Then,
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{6 It 6 §
e ALY R TP
T
(iii) Suppose f(x)=(kx+ )7, meZ"is odd, m-p>0,p is odd and k,k,,x € R with
k,k,#0. By (I () we have D" (k ikz)r;:[?:jwm—;)”(kx+k )( j for m-2n2>0. Since

m e Z* 1s odd then we let m =2¢+1for any ¢ € Z* which implies that

— |
mit= e+ )= ZD and (m-2my1= 20— 20+ = 22D
Zlf' 2t n(t_n)'

By substitution, it follows that

OIS

D' (kx+k 2
(k) 22412t —2n +1)!

oL p m—1
Hence, substituting n = E and 7= T, we have

(kl)gm![m_p_lj!
m 2
2 (m- p)'[’" lj
2
Subsequently, by (iii ) in Theorem 1 for m — p >0 then

(_m—p—lj,:r(—’"‘l?‘l+1j=r[m—p+1j 2" (m-p)Wr
| . prl) |

2 =)

(kx+k)

Thus,
O el T
D (kxtk,): = (kxth,) ")
2p(m—p)!(m_lj!
2
27" (m— p)Wr
["5")
= (k)% m! 2

(ex k) "3) = (k)2 m! j«/ﬂ'(klxikz)mp. "

2p(m—p)!(m2_1j! 2’"(’”2_”]1(”12_1 !

Example 5. Let f(x)=x*1, m=2,p=1,k =land k, =1. Since m e Z"is odd, m- p>0and

p 1s odd, we can apply (l) in  Theorem 5 so we have

D}(Xil)izDé(xil)—(l)z 221(2 o \/721 \/xT

https://doi.org/10.14710/jfma.v0i0.19442 223 p-ISSN: 2621-6019 e-ISSN: 2621-6035




- JOURNAL OF FUNDAMENTAL MATHEMATICS
i AP AND APPLICATIONS (JEMA) VOL. 7 NO. 2 (NOV 2024
DIFMAD (FMA) (NOV 2024)

Available online at www.jfma.math.fsm.undip.ac.id

m p m

Corollary 6. Let f (X) = (klx tk, )5. Then the fractional derivative D? (ki k)5 is a complex
number given by
P
. P m N\ P 5 mep [ s
(l) Dx2 (klxikz)gz(l) kl 2 ( m_|_p 1)'

2 2

(1 ireks [’""sz

m

Pif meZ is even and m—p>0;(l'i)

m(kxtk,)

D; (klxirkz)% = 2 Jr(kxthk)" " if meZ isevenandm-p>0; and(iii)
(m—p)!(_m_zj!
2
2l-m+p)(-m-1
D? (kxtk,)? = e if meZ is odd and m—p <0 where p
’ 2" (=m+ p)(-m-1)! T
is odd.

m

Proof: (i)Suppose f(x)=(kxtk,)2, mez is even, m—p>0, and p is odd. By (i)in

Theorem 5, we have

n

D;(klxikz)'i’:["l jm(m—2)(m—4)(m—6)---(m—2n+4)(m—2n+2)(k1xik2)(m_22n].

n

Since m € Z~is even, it follows that m, m—2, m—4, m—6,...... ,m—2n+n, m—2n—2 are
all negative. Consequently we multiply 1=(—1)(—1) to make this term be positive. So, we

have
D! (kxtk, )§ = [%j (—1)(—1){m(m = 2)(m—4)(m—6)-(m—2n+4)(m~2n+2)(kxtk, )[2]}

k

- (5) (1) = m(=(m=2))(~(m—4))(~(m—6))(~(m—2n+ 4))(~(m—2n+2)) (kux £, ) 5 7).
Likewise multiplying the numerator and denominator by (—m —2)!! to have

(k) (=) (=m)(—m+2)(—m+4)-- - (-m+2n—4)(=m+2n-2) (=-m-2)!l
- 2" (—m—-2)1

(3 o e G - (_MJFZM_ZJ!(kx+k 5
2 (-m=2)n 2T 2 2”122(_,%2_2]! Xk,
Al Gt R
e (kxtk, )2

)

(kx k)57

D (kxth,)z =

Then replacing n = g , We
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have
e S d ) S ey J—
D? (kxtk,)? = (_m_lj, (kxthy)"" = (—m_zjl (kxthy)™".
2 2
Note that (Lp_zj is non-integer since M € Z" is even and pisodd. Since —m+ p >0,
we have

(e (g2 ) ) 2 e

2 2 2 ) —m+p-1),
—

Hence, by substitution, we have

2
e
(1) 22 (cm p-1)] [(—1)2] k22" (-m+ p-1)!
(—m+p—1j'(—m—2j' (—m+p—lj'(—m—2j'
2 )L 2 ) 2 )L 2 )

pd m i”k52’"—p+l(—m+p—1)! o~
2 _ 1 V4 .
D? (kx+k,)2 —(_erp_lj!(_m_zj!w/ﬂ(klxilg)
2 2

(ii) Suppose f(x):(klxilg)%, meZ iseven, m—p >0, p isoddand kk,xeR
with k,k, #0. By (7)

(_1)‘2’(,{1)5(—’”21?—2]!(]{ th) 2

=]

Since m € Z~ is even, then for —m+ p >0, we have

(—m+p—2j'zr[—m+p—2+lj:F(‘””Pj'
2 ) 2 2

It follows that

https://doi.org/10.14710/jfma.v0i0.19442 225 p-ISSN: 2621-6019 e-ISSN: 2621-6035



- JOURNAL OF FUNDAMENTAL MATHEMATICS
i AP AND APPLICATIONS (JEMA) VOL. 7 NO. 2 (NOV 2024
DIFMAD (FMA) (NOV 2024)

Available online at www.jfma.math.fsm.undip.ac.id

r 2l —m+p=-2
P (_1)2 klz( 2 )| m-p
2 (kx

D 3
¥ (—m—2)'

(kxthk,)2 =
2
P _
(_l)g klzr( mep

Since—m+ p <0 then, we get

(02—

Hence, by substitution, we have
m+1 P — _
. (o (2=t

r
D? (kxtk,)2 =
1 2 (m_p)!(—m—2j'
2
e () fie 27
= r(kxth)" " = m(kxth) " m
(m—p)!(_m_z)! (m—p)!{_m_2j!
2 2
(iii) Suppose f(x)=(kx*k,)2, meZ isodd, m—p<0, p is odd and k,,k,,x € R with
m n _ _ | m

kik, #0 By (i) D} (kxtk,): =(%] (—1)"%(k1xik2 )2 ", if m e Z"is odd so we let
m=-2s+1forany s € Z" implies

(—m+2n—2)!!=(2s+2n—3)!!=[2(2S+§n_2j—lj!!= [zﬁz(nzjj””‘z)!

2 (2s+2n—2j!
2
and
~ ~ ~ (2s—2)!
(-m=2)1= (25 -2-1)1=(2(s~1)-1)!= Tl
By substitution, it follows that
(k) (-1) 2s+2n=2)!(s=1)! ",
D (kxtk,)? :( L 2t)+(2;—2n e (k)2
2 (jz(zs ~2)!
2
-m+1

Consequently, substituting s = and n =§ then we will get
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-m-1 -m-1

(—1)§(—m+p—1)!( jl (kl)ii”(—m+p—1)!( j'
2 ) Jkxth) = 2 Jkxtr)

)=
2P(‘m+2p'lj!(—m—1)! 2P(‘m+2p'1)!(—m—1)!

Note that (%p—lj is non-integer since m € Z 1s odd and P 1is odd. Since —-m+ p >0

then from (ii ) in Corollary 2,

(—m+p—1j!zr((—mw—lj+lj:F(—m+p+1): 2" (=m+ p)N7
. .

2 2 -m+p ),
—
Hence, by substitution, we get

)
B . ! !
D? (kxtk,)? = 2 2 (k) . n

2" (—m+ p)(—m—1)! V4
Example 6. Let f(x)=(x+1), m=-2, p=—1,k=1and k,=1.Since meZ is even,

m—p>0and p is odd, we can apply (1) in Corollary 6 so we have
- 71 —2+1+
D %(x_‘_l)f% :D %(x_‘_ )71 — (Z) 1(1) : 2 ! 1(_(_2)+(_1)_1)' 7Z’(x+1)727(71) :_l T
T a —(=2)+(=1)-1),(=(-2)-2), VAT (x+1)
2 ' 2 '
m P
2

Corollary 7. Let f(x)=(kx=*k,)>. Then the fractional derivative D? (kxtk,)? is zero if

meZ" and m—p<0where p and m are odd.

Proof: Let m e Z*is 0dd, m-p<0, and p is odd. By (iii)in Theorem 5, we have

2 m—p-—1
k W —!
O ES

»

D:? tk,)2 =

2 (kx+k,)? —
27(m— p)! 2 !

We can express [m_Tp_lj!:F(m_Tp_l+lj=F(m_Tp+lj and (m—p)!:F(m—p+l) )

we get

m
2

. ! 2 1 (klxikz)(%)form—p+l>0.
2Pr(m—p+1)(m2_ j!

Since me Z"1s odd, m-p<0 and p is odd, we let m =2s—1 and p =2r+1 where s,rel’.

Furthermore,

m—p<0=2s—1-Qr+1)<0=25-1-2r-1<0=25s-2r-2<0=2(s—r—-1)<0=
s—r—1<0=s-r<lI.

4
D? (kx+k,)
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oo m+1 p-1 .
Substituting s = and 7= I it follows that
S_I"<1:>m—+1_[p__1]<l :}m_T[Hz<1:>m—p+2<23m—p+l<l
2 2

Then by definition, T(m — p +1) = oo . So it implies that

(k) miT (’"‘PMJ
m=p
L2 i),
27 o0 ( m -l j !
2
By arithmetical operations of complex infinity, é =0 where c € C, hence,

o0

.<k1)§m!r(m_2[mj(klxik2)(2j =0- ™

21’(’”_1)!
2

Example 7. Let f(x):(zxi4)%, m=5, p=9, k=2 and k, =4. Thean%(zxi4)§:o by

P m
D2 (kxtk,)2 =

ya m
D? (kx+k,)2 =

8 1|>—a

Corollary 7, since m— p=5-9=-4<0.

m m
2

»
Corollary 8. Let f(x)=(kxxk,)2. Then the fractional derivative D? (kxtk,)? isa complex

infinityoo if meZ~ and m—p >0 where p and m are odd.

Proof: Let m e Z is odd, m—p>0and p is odd. By (iii) in Corollary 6, we have

, ) i"(kl)g(—m—i—p—l)!(_mz_lj!
D? (kxtk,)? = (kxthy)" ",
P (%Hj!(_m —1)!
2
-m+p-1 -m+p-1 -m+p+1
wecanexpress(—m+p—1)!—1"(—m+p)and( 5 j!=r[ 5 +1J=F(T SO

we get

ﬁ [ —
j !
P m !
D? (klxik2)7= 2 (klxikz)m_p for -m+p>0.
[_m—i_pﬂj(—m—l)!
2

Since meZ is odd,m—p>0and p is odd, m=-2s+1 and p=-2r—1 where s,r€Z".
Furthermore,
m—p>0= 2s+1—-(2r-1N>0=-25+1+2r+1>0 = -25s+2r+2>0 =

2(s—-r-1)>0=>s-r-1<0=>s-r<lI.

_ -p-1
m+1 and 7= J4

Substituting s = , it follows that
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s—r<l= <1:>—m+p+2<2:>—m+p<0.

-m+1 (-p-1 -m+p+2
— <1 - -
2 ( 2 ) N

Then by definition, [(~m + p) = 0. So it implies that

ip(k]) o

% o (_m_ljv
2 m 2 ’ m-p
D:? (klxik2)2 = \/(klxikz) :
2pr(_m+2p+lj(_m_1)g

By arithmetical operations of complex infinity, ¢-o = where ¢ € C, hence,

ip(kl)g(_n;_lj! ]

E— (kxtk,)" " =co. m
2Pr(2pj(—m ~1)!

p
2

D.X

ﬂ ~
2 = o00-

(kx+k,)

1

1 3 -
Example 8. Let f(x)=(x+1)2, m=-1, p=-3, ky=1 and k,=1. Then D *(x*1)2=w by
Corollary 8, since m—p=-1-(-3)=2>0.

m ya m
The graphs of D? (kaJ and D? (kxtk,)2 where k,k;,k, =1 (nonzero real numbers), for

some odd p and some m € Z" U {0} are shown in the figures below. Fig. 1 illustrates the %th
derivative of the unit function f (x) =x" =1 where p= {J_rl,i3,ir5, J_r7} . This graph also shows
that the curves lie on the first and fourth quadrants.But g th derivative of this function where

pis positive has the values ofx in the interval (0,o0) and the curves have horizontal

P
asymptotes at D? x” =0. On the other hand, if p is negative, then we can see in the curves that

their point of origin is at (O, O) and is moving upward in the different directions.

1

Fig. 2 shows thegth derivative of the function f(x)=x2 where p={£1,-3,-5,-7}.

1 1
Accordingly, since the value of p2 ( xZ] :ﬁ then its curve is parallel to the x axis (a
* 2
p( L
constant function). Also, since D2 ( x2] is undefined when p = {3,5,7,....} , their graphs are

1 1
not available. But take notice also that since p_ 2 [ ij = g x then its curve is a straight line

. (Y Jr .. N QU Y =
(a linear function), D 2| x2 = x* 1s a parabola (a quadratic function), D 2| x2 =1 x°
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which gives a curve of a cubic function so on and so forth. This means thatthe values for

1
ng [ x2j where p € Z~ (0dd) are power functions.

where k =1 and p ={+1,3,45,+7}

1
Fig. 2. ng (ﬁ} wherek =1 and p = {il, -3, —5,—7}

Fig. 3 shows the gth derivative of the identity function f(x)=x where
p= {J_rl,i3,ir5, J_r7} .As we have observed, the curves lie on the first and fourth quadrants. But

gth derivative of this function where p is positive has the values of x in the interval (0,)
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p
and the curves have horizontal asymptotes at D?x =0 except at p=1. On the other hand, if p

is negative, then we can see in the curves that their point of origin is at (0,0) and is moving

upward in the different directions.

P
Fig. 3. D? (x)wherek =1 and p = {+1,+3,%5,£7} .

Fig. 4 shows the %th derivative of the unit function f (x)=(x+1)0:1 where

p= {J_rl,i3,ir5,i7}. As we have noticed, the curves lie on all the four quadrants. But gth

derivative of this function where P is positive hasthe values ofx in the interval (—l,oo) and

P
the curves have horizontal asymptotes at D? (x+1)0 =0. On the other hand, if p is negative,

then we can see in the curves that their point of origin is at (—1,0) and is moving upward in

the different directions.

Fig. 5 shows the%zh derivative of the function f (x) =x+1 where p ={+1,43,%5,7} .As

we have observed, the curves lie on all the four quadrants. But g th derivative of this function

where p is positive hasthe values ofx in the interval (—1,00) and the curves have horizontal

»
asymptotes atD? (x+ 1) =0 except at p =1. On the other hand, if p is negative, then we can

see in the curves that their point of origin is at (—1,0) and is moving upward in the different

directions.
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Op
(3

3
Fig.5. D2 (x+1) where k=1 and p = {+1,+3,+5,%7} .
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III. CONCLUSIONS

The following are the conclusions of the study. Functions of the form f (x) =kx? and

f (x) = (klx tk, )E maybe a real number, a complex number, or a complex infinity with respect

to fractional derivative. The graphical representation of a fractional derivative may consists of
various graphs of common functions.
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