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Abstract. An idempotent element in the algebraic structure of a ring is an element that, 
when multiplied by itself, yields an outcome that remains unchanged and identical to 
the original element. Any ring with a unity element generally has two idempotent ele-
ments, 0 and 1, these particular idempotent elements are commonly referred to as the
trivial idempotent elements However, in the case of rings Zn and Zn[x] it is possible 
to have non-trivial idempotent elements. In this paper, we will investigate the idempo-
tent elements in the polynomial ring Zp2q[x] with p, q different primes. Furthermore, 
the form and characteristics of non-trivial idempotent elements in M2(Zp2q[x]) will be 
investigated. The results showed that there are 4 idempotent elements in Zp2q[x] and 7 
idempotent elements in M2(Zp2q[x]).
Keywords: Idempotent elements, Matrix ring, Polynomial ring, Matrix ring over poly-
nomial ring.

I. INTRODUCTION

A ring is formally characterized as a nonempty set denoted as R, equipped with two binary 
operations, namely addition and multiplication, while satisfying specific criteria [1] [2]. Within 
the ring theory, there exist distinctive elements that conform to specific definitions, including 
idempotent elements. An idempotent element, by definition, i s c haracterized a s a n element 
that, when multiplied by itself, yields an outcome that remains unchanged and identical to the 
original element. In other words, an element e is called an idempotent element if e2 = e [1]. 
Within any ring including a unity element, at least there are two idempotent elements, namely 0 
and 1. These particular idempotent elements are commonly referred to as the trivial idempotent
elements [3]. However, in the case of rings Zn and Zn[x] it is possible to have non-trivial 
idempotent elements [4].

Idempotent elements hold a crucial significance in the study of algebra, particularly within 
the ring theory. Using these idempotent elements, we can define new classes of these elements 
such as unit regular elements [5], clean and strongly clean elements [6][7][8], lie regular ele-
ments [9], etc. Due to its crucial significance, the study of idempotent elements become one of 
the interesting topics for researchers.

In recent times, there have been many studies on certain aspects of idempotent elements. 
In the case of polynomial rings, Kanwar et al. [10] showed that in any commutative ring R, the 
idempotent elements of ring R are equal to the idempotent elements of ring R[x]. Furthermore, 
Kanwar et al. [11] also showed the forms of idempotent elements in M2(Z2p[x]) with p odd 
primes and M2(Z3p[x]) with p primes greater than 3. Moreover, Jose et al. [12] extended the
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discussion to the case of M2(Zpq[x]), where p, q are distinct primes. In this paper, we will inves-
tigate in more complex case of idempotent elements in the ring Zp2q[x], where p, q are distinct
primes. Through this case, the form and characteristics of non-trivial idempotent elements on
M2(Zp2q[x]) will be investigated.

II. RESULTS AND DISCUSSION

In this section, we will investigate the forms and characteristics of non-trivial idempotent
elements in the ring of matrices of order 2 over the polynomial ring Zp2q[x], where p, q are dis-
tinct primes. First, we will begin by considering the following theorem of idempotent elements
in the ring Zp2q, where p, q are distinct primes.

Theorem 1 Given p, q are distinct primes. The idempotent elements in Zp2q are 0, 1, pk(q−1),
and qp(p−1)(mod p2q), where k is the smallest positive integer such that k(q−1)−2 is positive.

Proof. Given that x is an idempotent element in Zp2q, it follows that x2 ≡ x (mod p2q) holds.
Then, we obtained x2 ≡ x(mod p2) and x2 ≡ x(mod q). Since p is a prime number, then
x ≡ 0(mod p2) or x ≡ 1(mod p2). Similarly to q, then x ≡ 0(mod q) or x ≡ 1(mod q). Fur-
thermore, for the case of x ≡ 0(mod p2) and x ≡ 0(mod q), then we obtained x ≡ 0(mod p2q).
For the case of x ≡ 1(mod p2) and x ≡ 1(mod q), we obtained x ≡ 1(mod p2q). Moreover, to
find the other 2 idempotent elements, divide into the following 2 cases.

1. Case x ≡ 0(mod p2) and x ≡ 1(mod q).
By Chinese Remainder Theorem [13], we obtained

x ≡ Mqxq(mod p2q),

where Mq = p2q
q

= p2 and Mqxq ≡ 1(mod q). Since (p2, q) = 1, by Euler’s Theorem
[14] [15], then pϕ(q) ≡ 1(mod q), where ϕ(q) = q− 1. Hence, from the previous solution
we obtained

x ≡ (pq−1)(mod p2q).

However, pq−1 is not necessarily greater than p2. If pq−1 ≥ p2, then case is solved and the
3rd idempotent element is pq−1. Otherwise, multiply q − 1 by k, where k is the smallest
positive integer such that pk(q−1) > p2. Hence, the 3rd idempotent element is

x ≡ (pk(q−1))(mod p2q),

where k is the smallest positive integer such that pk(q−1) ≥ p2.

2. Case x ≡ 1(mod p2) and x ≡ 0(mod q).
Similarly to the first case, the 4th idempotent element is

x ≡ (qp(p−1))(mod p2q).

Thus, the idempotent elements of Zp2q are 0, 1, pk(q−1), and qp(p−1) (mod p2q), where k is the
smallest positive integer such that pk(q−1) ≥ p2.
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Example 1 Given a ring Z12 = Z223. The idempotent elements of this ring are 0, 1, 4, and 9.

Similar to other rings, polynomial rings also have idempotent elements. In case ring R is
a commutative ring, by Corollary 2.3 [11], we obtained E(Zp2q) = E(Zp2q[x]).

The ring of matrices over the ring of polynomials is also known as the determinant and
trace of the matrix. Given the following theorem shows that the determinant and trace of an
idempotent element matrix are in the ring.

Theorem 2 Given any commutative ring (R,+,×) and has only trivial nilpotent elements.
Determinant and trace of any idempotent matrix in M2(R[x]) are in R.

Proof. Let A be a matrix denoted by

A =

[
a(x) b(x)

c(x) d(x)

]
,

is an idempotent matrix in M2(R[x]). Since det(A) is an idempotent element and by Corollary
2.3 [11], then det(A) is idempotent in R i.e. a(x)d(x)− b(x)c(x) ∈ R. Furthermore, since A is
an idempotent matrix, then a(x) = (a(x))2 + b(x)c(x) and d(x) = (d(x))2 + b(x)c(x). Hence,
we obtained

(a(x) + d(x))2 = (a(x))2 + 2a(x)d(x) + (d(x))2

= a(x) + d(x) + 2(a(x)d(x)− b(x)c(x)).

Since det(A) ∈ R, then (a(x) + d(x))2 − (a(x) + d(x)) ∈ R. Thus, by Proposition 2.1 [11] we
obtained trace(A) ∈ R.

The trivial idempotent elements in M2(Zp2q[x]), where p, q are distinct primes are the

zero matrix

[
0 0

0 0

]
and the identity matrix

[
1 0

0 1

]
. We will investigate the forms of non-

trivial idempotent matrices on M2(Zp2q[x]), where p, q are distinct primes. However, first given
the following theorem which explains the conditions on non-trivial idempotent matrices in
M2(Zp2q[x]).

Theorem 3 Given p, q are distinct primes and A is a non-trivial idempotent matrix in M2(Zp2q[x]).
Then, one of the following conditions holds:

1. det(A) = 0 and trace(A) = 1 or pk(q−1) or qp(p−1);

2. det(A) = pk(q−1) and trace(A) = pk(q−1) + 1 or 2pk(q−1); or

3. det(A) = qp(p−1) and trace(A) = qp(p−1) + 1 or 2qp(p−1).

Proof. By Theorem 1 and Corollary 2. 3 [11], the idempotent elements in Zp2q[x] are 0, 1, pk(q−1),
and qp(p−1)(mod p2q), where k is the smallest positive integer such that k(q−1)−2 is positive.
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Let A be a matrix denoted by

A =

[
a(x) b(x)

c(x) d(x)

]
,

is a non-trivial idempotent matrix in M2(Zp2q[x]). By Theorem 2, det(A) and trace(A) are
0, 1, pk(q−1), or qp(p−1). If det(A) = 1, we obtained A is the identity matrix. A contradiction as
a matrix A is a non-trivial idempotent matrix. Hence, det(A) is 0, pk(q−1), or qp(p−1).

1. Case det(A) = 0.
By Theorem 2 and Theorem 2.5 [11], trace(A) is 0, 1, pk(q−1), or qp(p−1). If trace(A) = 0,
then we obtained

A2 =

[
a(x)(a(x) + d(x)) b(x)(a(x) + d(x))

c(x)(a(x) + d(x)) d(x)(a(x) + d(x))

]

=

[
a(x) · 0 b(x) · 0
c(x) · 0 d(x) · 0

]
=

[
0 0

0 0

]
.

We obtained that A is a zero matrix. A contradiction as a matrix A is a non-trivial idem-
potent matrix. Hence, trace(A) ̸= 0. Note that the following matrices in M2(Zp2q[x])[

1 0

0 0

]
,

[
pk(q−1) 0

0 0

]
, and

[
qp(p−1) 0

0 0

]

respectively is a non-trivial idempotent matrix with determinant 0 and its trace is 1, pk(q−1),
and qp(p−1). Thus, if A is a non-trivial idempotent matrix and det(A) = 0, then trace(A)
is either 1, pk(q−1), or qp(p−1).

2. Case det(A) = pk(q−1).
Since A is an idempotent matrix, then a(x) = (a(x))2 + b(x) and d(x) = (d(x))2 +
b(x)c(x). Note that,

(a(x) + d(x))2 = (a(x))2 + 2a(x)d(x) + (d(x))2

= a(x) + d(x) + 2pk(q−1)(mod p2q).

Let y = a(x) + d(x), then we obtained the quadratic equation y2 − y − 2pk(q−1) ≡
0(mod p2q). From this quadratic equation, it follows that

y2 − y − 2pk(q−1) ≡ 0(mod p2) (1)

y2 − y − 2pk(q−1) ≡ 0(mod q). (2)

Equation (1) is equivalent to y2−y ≡ 0(mod p2), then y ≡ 0(mod p2) or y ≡ 1(mod p2).
By Euler’s Theorem [14] [15], Equation (2) is equivalent to y2− y− 2 ≡ 0(mod q), then
y ≡ 2(mod q) or y ≡ −1 (mod q).

(a) Case y ≡ 0(mod p2) and y ≡ 2(mod q).
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By Chinese Remainder Theorem [13], then we obtained

y ≡ (2Mqyq)(mod p2q),

where Mq = p2 and Mqyq ≡ 1(mod q). Since gcd(p2, q) = 1, By Euler’s Theorem
[14] [15], then pφ(q) ≡ 1(mod q), where φ(q) = q − 1. Hence, from the previous
solution we obtained

y ≡ (2pq−1)(mod p2q)

However, pq−1 is not necessarily greater than p2. If pq−1 ≥ p2, then case is solved
and the 3rd idempotent element is pq−1. Otherwise, multiply q − 1 by k, where k is
the smallest positive integer such that pk(q−1) > p2. Hence, the 1st solution is

y ≡ (2pk(q−1))(mod p2q).

(b) Case y ≡ 0(mod p2) and y ≡ −1(mod q).
Similarly to the case (a), the 2nd solution is

y ≡ (−pk(q−1))(mod p2q).

(c) Case y ≡ 1(mod p2) and y ≡ 2(mod q).
By Chinese Remainder Theorem [13] and Euler’s Theorem [14] [15], then we ob-
tained the 3rd solution is

y ≡ (qp(p−1) + 2pk(q−1))(mod p2q)

≡ (1 + pk(q−1))(mod p2q).

(d) Case y ≡ 1(mod p2) and y ≡ −1(mod q).
Similarly to the case (c), the 4th solution is

y ≡ (qp(p−1) − pk(q−1))(mod p2q)

≡ (1− 2pk(q−1))(mod p2q).

Thus, the solutions of y = a(x)+d(x) are 2pk(q−1),−pk(q−1), 1+pk(q−1), and 1− 2pk(q−1).
If q = 3, the case of 2pk(q−1) coincides with the case of −pk(q−1) and the case of 1+pk(q−1)

coincides with the case of 1− 2pk(q−1). However, if q ̸= 3, we claimed that the possible
values of y are 2pk(q−1) or 1 + pk(q−1).
First, if y = −pk(q−1). We obtained a matrix A2 is

A2 =

[
−pk(q−1)a(x)− pk(q−1) −pk(q−1)b(x)

−pk(q−1)c(x) a(x)pk(q−1)

]
.

Since A is an idempotent, then (1 + pk(q−1))(b(x)) = (1 + pk(q−1))(c(x)) = 0. Since
gcd(p2q, 1 + pk(q−1)) = 1, then b(x) = c(x) = 0. Hence, we obtained a matrix A is

A =

[
a(x) 0

0 −pk(q−1) − a(x)

]
.
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Since A is an idempotent, then a(x) and −pk(q−1) − a(x) are also idempotent elements.
Since a(x) is an idempotent element, then a(x) is 0, 1, pk(q−1), or qp(p−1). Furthermore,
we obtained −pk(q−1) − a(x) is not an idempotent element for a(x) = 0, 1, pk(q−1), or
qp(p−1). A contradiction, hence y ̸= −pk(q−1).
Second, if y = 1 − 2pk(q−1). Similarly to the case above and since A is an idempotent,
then (2pk(q−1))b(x) = (2pk(q−1))c(x) = 0. Note that,

(2pk(q−1))b(x)(2pk(q−1))c(x) = 4b(x)c(x)p2k(q−1)

= 2(2a(x)pk(q−1))− (2a(x)pk(q−1)) = 0. (3)

Furthermore, since a(x)d(x)− b(x)c(x) = pk(q−1), then we obtained

2a(x)pk(q−1) = −pk(q−1). (4)

Subtitute Equation (4) to Equation (3), then we obtained

3pk(q−1) ≡ 0 (mod p2q).

Since q is distinct from 3 and p2, a contradiction as 3pk(q−1) ̸≡ 0 (mod q). Hence, y ̸=
1− 2pk(q−1). Note that the following matrices in M2(Zp2q[x])[

pk(q−1) 0

0 pk(q−1)

]
and

[
pk(q−1) 0

0 1

]

respectively is a non-trivial idempotent matrix with determinant pk(q−1) and its trace is
pk(q−1) and pk(q−1)+1. Thus, if A is a non-trivial idempotent matrix and det(A) = pk(q−1),
then trace(A) is either 2pk(q−1) or pk(q−1) + 1.

3. Case det(A) = qp(p−1).
Similarly to the case 2 above, then we obtained the quadratic equation w2−w−2qp(p−1) ≡
0(mod p2q). From this quadratic equation, it follows that

w2 − w − 2qp(p−1) ≡ 0(mod p2) (5)

w2 − w − 2qp(p−1) ≡ 0(mod q). (6)

By Euler’s Theorem [14] [15], Equation (5) is equivalent to w2−w−2 ≡ 0(mod p2), then
w ≡ 2(mod p2) or w ≡ −1(mod p2). Equation (6) is quivalent to w2 − w ≡ 0(mod q),
then w ≡ 0(mod q) or w ≡ 1(mod q).

(a) Case w ≡ 2(mod p2) and w ≡ 1(mod q).
By Chinese Remainder Theorem [13] and Euler’s Theorem [14] [15], then we ob-
tained the 1st solution is

w ≡ (2qp(p−1) + pk(q−1))(mod p2q)

≡ (qp(p−1) + 1)(mod p2q).

(b) Case w ≡ 2(mod p2) and w ≡ 0(mod q).
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Similarly to the case above, the 2nd solution is

w ≡ (2qp(p−1))(mod p2q).

(c) Case w ≡ −1(mod p2) and w ≡ 1(mod q).
Similarly to the cases above, the 3rd solution is

w ≡ (1− 2qp(p−1))(mod p2q).

(d) Case w ≡ −1(mod p2) and w ≡ 0(mod q).
Similarly to the cases above, the 4th solution is

w ≡ (−qp(p−1))(mod p2q).

Thus, the solutions of w = a(x)+d(x) are qp(p−1)+1, 2qp(p−1), 1−2qp(p−1) and −qp(p−1).
We claimed that the possible values of w are qp(p−1) + 1 or qp(p−1).
First, if w = 1− 2qp(p−1). We obtained a matrix A2 is

A2 =

[
(a(x))2 + b(x)c(x) (1− 2qp(p−1))b(x)

(1− 2qp(p−1))c(x) (d(x))2 + b(x)c(x)

]
.

Sine A is an idempotent, then (2qp(p−1))b(x) = (2qp(p−1))c(x) = 0. Note that,

(2qp(p−1))b(x)(2qp(p−1))c(x) = 4b(x)c(x)q2p(p−1)

= 2(2a(x)qp(p−1))− (2a(x)qp(p−1)) = 0. (7)

Furthermore, since a(x)d(x)− b(x)c(x) = qp(p−1), then we obtained

2a(x)qp(p−1) = −qp(p−1). (8)

Subtitute Equation (8) to Equation (7), then we obtained

3qp(p−1) ≡ 0 (mod p2q).

A contradiction as 3qp(p−1) ̸≡ 0(mod p2). Hence, w ̸= 1− 2qp(p−1).
Second, if w = −qp(p−1). Similarly to the case above and since A is an idempotent, then
(1 + qp(p−1))(b(x)) = (1 + qp(p−1))(c(x)) = 0. Since gcd(p2q, 1 + qp(p−1)) = 1, then
b(x) = c(x) = 0. Hence, we obtained a matrix A is

A =

[
a(x) 0

0 −qp(p−1) − a(x)

]
.

Since A is an idempotent, then a(x) and −qp(p−1) − a(x) are also idempotent elements.
Since a(x) is an idempotent elements, then a(x) is 0, 1, pk(q−1), or qp(p−1). Furthermore,
we obtained −qp(p−1) − a(x) is not an idempotent for a(x) = 0, 1, pk(q−1), or qp(p−1). A
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contradiction, hence w ̸= −qp(p−1). Note that the following matrices in M2(Zp2q[x])[
qp(p−1) 0

0 qp(p−1)

]
and

[
qp(p−1) 0

0 1

]

respectively is a non-trivial idempotent matrix with determinant qp(p−1) and its trace is
qp(p−1) and qp(p−1)+1. Thus, if A is a non-trivial idempotent matrix and det(A) = qp(p−1),
then trace(A) is either 2qp(p−1) or qp(p−1) + 1.

The main discussion in this paper follows. The forms of non-trivial idempotent elements
in ring M2(Zp2q[x]) are presented in list form in the following theorem.

Theorem 4 Given p, q are distinct primes. The non-trivial idempotent matrix form in ring
M2(Zp2q[x]) can be expressed in one of the following matrix forms:

1.

[
pk(q−1) 0

0 pk(q−1)

]
and

[
qp(p−1) 0

0 qp(p−1)

]
;

2.

[
a(x) b(x)

c(x) 1− a(x)

]
, where a(x)(1− a(x))− b(x)c(x) = 0;

3.

[
pk(q−1)a(x) pk(q−1)b(x)

pk(q−1)c(x) pk(q−1)(1− a(x))

]
, where a(x)(1− a(x))− b(x)c(x) = qf(x);

4.

[
qp(p−1)a(x) qp(p−1)b(x)

qp(p−1)c(x) qp(p−1)(1− a(x))

]
, where a(x)(1− a(x))− b(x)c(x) = p2g(x);

5.

[
1 + qa(x) qb(x)

qc(x) pk(q−1) − qa(x)

]
, where a(x)(1 + qa(x)) + qb(x)c(x) = p2h(x);

6.

[
1 + p2a(x) p2b(x)

p2c(x) pk(q−1) − p2a(x)

]
, where a(x)(1 + p2a(x)) + p2b(x)c(x) = qϕ(x)

where a(x), b(x), c(x), f(x), g(x), h(x), ϕ(x) ∈ Zp2q[x].

Proof. Let A be a matrix denoted by

A =

[
a(x) b(x)

c(x) d(x)

]
,

is a non-trivial idempotent matrix in M2(Zp2q[x]). By Theorem 3, divide into the following 3
cases.
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1. Case det(A) = 0.
First, if trace(A) = 1. Since a(x) + d(x) = 1 and a(x)d(x) − b(x)c(x) = 0, then
a(x) = (a(x))2 + b(x)c(x), b(x) = b(x)(a(x) + d(x)), c(x) = c(x)(a(x) + d(x)), and
d(x) = (d(x))2 + b(x)c(x). Hence, we obtained a matrix A2 is

A2 =

[
a(x) b(x)

c(x) 1− a(x)

]
.

Furthermore, we obtained a matrix A is

A =

[
a(x) b(x)

c(x) 1− a(x)

]

where a(x), b(x), c(x) ∈ Zp2q[x] such that a(x)(1 − a(x)) − b(x)c(x) = 0. This matrix
is the 2nd non-trivial idempotent matrix form.
Second, if trace(A) = pk(q−1). Similarly to the case above, we obtained a matrix A2 is

A2 =

[
pk(q−1)a(x) pk(q−1)b(x)

pk(q−1)c(x) pk(q−1)(1− a(x))

]
.

Since A is an idempotent, then pk(q−1)a(x) = a(x), pk(q−1)b(x) = b(x), pk(q−1)c(x) =
c(x). Since det(A) = 0, then we obtained

a(x)(1− a(x))− b(x)c(x) = qf(x),

where f(x) ∈ Zp2q[x]. Furthermore, we obtained a matrix A is

A =

[
pk(q−1)a(x) pk(q−1)b(x)

pk(q−1)c(x) pk(q−1)(1− a(x))

]
,

where a(x), b(x), c(x) ∈ Zp2q[x] such that a(x)(1 − a(x)) − b(x)c(x) = qf(x). This
matrix is the 3rd non-trivial idempotent matrix form.
Third, if trace(A) = qp(p−1). Similarly to the cases above, we obtained a matrix A2 is

A2 =

[
qp(p−1)a(x) qp(p−1)b(x)

qp(p−1)c(x) qp(p−1)(1− a(x))

]
.

Since A is an idempotent, then qp(p−1)a(x) = a(x), qp(p−1)b(x) = b(x), qp(p−1)c(x) =
c(x). Since det(A) = 0, then we obtained

a(x)(1− a(x))− b(x)c(x) = p2g(x),

where g(x) ∈ Zp2q[x]. Furthermore, we obtained a matrix A is

A =

[
qp(p−1)a(x) qp(p−1)b(x)

qp(p−1)c(x) qp(p−1)(1− a(x))

]
,
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where a(x), b(x), c(x) ∈ Zp2q[x] such that a(x)(1 − a(x)) − b(x)c(x) = p2g(x). This
matrix is the 4th non-trivial idempotent matrix form.

2. Case det(A) = pk(q−1).
First, if trace(A) = pk(q−1) + 1. Similarly to the case 1, we obtained a matrix A2 is

A2 =

[
pk(q−1)a(x) + a(x)− pk(q−1) (pk(q−1) + 1)b(x)

(pk(q−1) + 1)c(x) 1 + 2pk(q−1) − (pk(q−1) + 1)a(x)

]
.

Since A is an idempotent, then pk(q−1)(a(x) − 1) = pk(q−1)b(x) = pk(q−1)c(x) = 0.
Hence, we obtained a(x) = 1 + qa(x), b(x) = qb(x), c(x) = qc(x). Since det(A) =
pk(q−1), then we obtained

a(x)(1 + qa(x)) + qb(x)c(x) = p2h(x),

where h(x) ∈ Zp2q[x]. Furthermore, we obtained a matrix A is

A =

[
1 + qa(x) qb(x)

qc(x) pk(q−1) − qa(x)

]
,

where a(x), b(x), c(x) ∈ Zp2q[x] such that a(x)(1 + qa(x)) + qb(x) c(x) = p2h(x). This
matrix is the 5th non-trivial idempotent matrix form.
Second, if trace(A) = 2pk(q−1). Similarly to the case above, we obtained a matrix A2 is

A2 =

[
2pk(q−1)a(x)− pk(q−1) 2pk(q−1)b(x)

2pk(q−1)c(x) 3pk(q−1) − 2pk(q−1)a(x)

]
.

Since A is an idempotent, then (2pk(q−1) − 1)b(x) = (2pk(q−1) − 1)c(x) = 0. Since
pk(q−1) is an idempotent, then 2pk(q−1)−1 is a unit. Hence, we obtained b(x) = c(x) = 0.
Furthermore, we obtained a matrix A is

A =

[
a(x) 0

0 2pk(q−1) − a(x)

]
.

Since A is an idempotent, then a(x) and 2pk(q−1) − a(x) are also idempotent elements.
Since a(x) is an idempotent elements, then a(x) is 0, 1, pk(q−1), or qp(p−1). Furthermore,
we obtained 2pk(q−1) − a(x) is an idempotent element for a(x) = pk(q−1). Hence, we
obtained a matrix A is

A =

[
pk(q−1) 0

0 pk(q−1)

]
.

This matrix is the 1st non-trivial idempotent matrix form.

3. Case det(A) = qp(p−1).
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First, if trace(A) = qp(p−1) + 1. Similarly to the case 2, we obtained a matrix A2 is

A2 =

[
qp(p−1)a(x) + a(x)− qp(p−1) (qp(p−1) + 1)b(x)

(qp(p−1) + 1)c(x) 1 + 2qp(p−1) − (qp(p−1) + 1)a(x)

]
.

Since A is an idempotent, then qp(p−1)(a(x) − 1) = qp(p−1)b(x) = qp(p−1)c(x) = 0.
Hence, we obtained a(x) = 1 + p2a(x), b(x) = p2b(x), c(x) = p2c(x). Since det(A)
= qp(p−1), then we obtained

a(x)(1 + p2a(x)) + p2b(x)c(x) = qϕ(x),

where ϕ(x) ∈ Zp2q[x]. Furthermore, we obtained a matrix A is

A =

[
1 + p2a(x) p2b(x)

p2c(x) pk(q−1) − p2a(x)

]
,

where a(x), b(x), c(x) ∈ Zp2q[x] such that a(x)(1+ p2a(x))+ p2b(x)c(x) = qϕ(x). This
matrix is the 6th non-trivial idempotent matrix form.
Second, if trace(A) = 2qp(p−1). Similarly to the case 2, we obtained a matrix A2 is

A2 =

[
2qp(p−1)a(x)− qp(p−1) 2qp(p−1)b(x)

2qp(p−1)c(x) 3qp(p−1) − 2qp(p−1)a(x)

]
.

Since A is an idempotent, then (2qp(p−1) − 1)b(x) = (2qp(p−1) − 1)c(x) = 0. Since
qp(p−1) is an idempotent, then 2qp(p−1)−1 is a unit. Hence, we obtained b(x) = c(x) = 0.
Furthermore, we obtained a matrix A is

A =

[
a(x) 0

0 2qp(p−1) − a(x)

]
.

Since A is an idempotent, then a(x) and 2qp(p−1) − a(x) are also idempotent elements.
Since a(x) is an idempotent, then a(x) is 0, 1, pk(q−1), or qp(p−1). Furthermore, we ob-
tained 2qp(p−1) − a(x) is an idempotent element for a(x) = qp(p−1). Hence, we obtained
a matrix A is

A =

[
qp(p−1) 0

0 qp(p−1)

]
.

This matrix is the 1st non-trivial idempotent matrix form.

III. CONCLUSIONS

Idempotent elements in ring Zp2q are 4 elements, i.e. 0, 1, pk(q−1), and qp(p−1). Furthermore,
the idempotent elements in the polynomial ring Zp2q[x] coincides with the ring Zp2q(E(Zp2q[x] =
E(Zp2q)). Moreover, there are 7 non-trivial idempotent matrix forms in M2(Zp2q[x]).
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