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Abstract. A torsion module over a principal ideal domain has special properties related
to the way how it is decomposed either into primary or cyclic submodules. This paper
carries out a special case of such module over the ring of integer, which consists of
all matrices with entries from the set of integer modulo n. The results show that its
decomposition depends on the prime factors of n.
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I. INTRODUCTION

Several investigations related to module decomposition have been conducted. One of those
was primary and cyclic decomposition of a finitely generated module. Wardhana et al [7] wrote
a cyclic decomposition of primary module M, 2(Zg) over the ring of integer Z in which each of
the cyclic submodule has order 9. Also, in 2018, the decomposition of Msy(Z,,) with arbitrary
n > 2 was given by Wardhana et al [8], in which each of the cyclic submodule is generated
by a unit matrix. However, these results were still limited to 2 x 2 - matrices and each cyclic
submodule in the internal direct sum can still be decomposed into some smaller submodules.
See [1] [2] [3] [4] [5] [6] for others module decomposition.

Therefore, in this paper, we discuss a cyclic decomposition of module of matrices with
entries over integer modulo n and arbitrary size (not only square matrices), M,,x.(Z,), which
is considered as a module over ring Z using the primary decomposition theorem. This result
will contribute to a study of torsion modules decomposition because some of those can be
viewed as a module of matrices. Consequently, working on those complicated modules just
can be substituted by working on matrices such that the properties of such modules will easily
obtained from those of matrices.

Throughout this paper, 12 will denote a commutative ring with unity. Some basic defini-
tions and theorems are given as follows.

Definition 1 [9] Suppose that {M,}a is a family of submodules of an R-module M such that
MgN)_,.5 Mg =0foreacha,3 € A. Then the sum )\ M, is said to be the internal direct
sum of the family { M, } n and denoted by @ , M,. Moreover, if M = € \ M,, then M is said
to be a direct decomposition of M.

Notice that the condition Mz N _ 5 Mg = 0 for each o, f € A is generally called the
independence of the family { M} A.
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Definition 2 [10] An R-module M is decomposable if it is the internal direct sum of two nonzero
submodules. Otherwise, M is indecomposable.

Now we move to another notion called as an external direct sum.

Definition 3 [11] The external direct sum of R-modules My, ..., M, denoted by M = M, H
... B M,, is the R-module whose elements are ordered n-tuples M = {(vq, ..., v,)|v; € M;,1 =
1, ...,n} with componentwise operations (uy, ..., u,) + (v1, ..., v,) = (ug + v1, ..., up +v,,) and
r(v1, ..., Uy) = (rvg, ..., r0,) forr € R.

Subsequently, in order to study the decomposition of the module M, «,(Z, ), we can see
that it is a torsion module over Z since Z,, is a torsion module. The following definitions and
theorems explain a torsion module and its decomposition.

Definition 4 [11] Given an R-module M. A non-zero element v € M is called as a torsion
element if there exists a non-zero element r € R such that rv = 0. If all elements of M are
torsion elements, then M is called as torsion module.

Definition 5 [11] Let M be an R-module and v € M. The annihilator of v is defined as
ann(v) = {r € R|rv = 0} and the annihilator of submodule N of M is ann(N) = {r €
R|rN = {0}}.

Definition 6 [11] Given M be a module over a principal ideal domain R and N be its submod-
ule. An order of N is defined as any generator of ann(N) and denoted by o(N). Moreover, the
order of an element v € M is an order of submodule (v) and written as o(v).

Theorem 1 [11] Let R be a principal ideal domain and M is a module over R. If v € M and
ann({v)) = (a), then (v) = R/{«a).

In Definition 6, an order of a submodule is an element of the ring that generates the an-
nihilator of the submodule. If the order is a prime power, then the module is called as primary
module. The formal definition is given as follows.

Definition 7 [11] Given p be a prime in R. A primary module is a module whose order is a
power of p.

Theorem 2 (The Primary Decomposition Theorem)[11] Given a torsion module M over a PID
R with order ;v = p{*...p¢", where the p.s are distinct nonassociate primes in R. Then M =
M, & ...& M,,, where M, = {v € M|p;'v = 0} is a primary submodule of order p;'. This
decomposition of M into primary submodules is called the primary decomposition of M.

II. RESULTS

This section will be initiated by defining primary submodules of Z,, over Z and showing
the submodules are indecomposable.

Definition 1 Given 7Z,, be Z-module where n = p’fl p’?...pfl. A primary submodule of 7., is

defined as S,, = {v € Z,|pfv =0} fori =1,..,1.
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Now, we will find a generator of every primary submodule of Z,,.

Theorem 1 Given Z,, be Z-module where n = p’flp;”...pfl. Then for i = 1,...,1, the primary
submodule Sy, = ([, pfj).

Proof. Let v; = Hj#p?j where 7,7 = 1,...,1. For any W € S, with o(w) = p} fort < k;, we

have p'@w = 0 = kn = kplpli™ [Tz p?j for some k € Z. Thus p!(w — kp¥~'v;) = 0 which
implies w = kp"~'v;. Therefore @ € (7). O

Before finding the decomposition of Z,,, we will show that each of its primary submodule
cannot be written as internal direct sum of smaller submodules. This is stated on the following
theorem.

Theorem 2 For any i = 1, ...,1, S, is indecomposable.

Proof. For any i = 1,...,n, let N; and N, be two non zero submodules of S,, with order

p;' and p;*, respectively. Suppose e; < ey < k;, then N; = <H] i p?j pf"*el) and Ny =
(11, pfjpf“”). Notice that k;—e; > k;j—ez ores—e; > 0. Hence, we can write [ [, ; p?"pfﬁel

H#i p?"pfi_@p?*el. Consequently, if v € N; then v € Ny. Thus, N; C N,. This implies that
N; N Ny = N; # {0}. Therefore, S, is indecomposable. O

Theorem 2 tells us that each primary submodule of Z,, can not be expressed as a sum of
cyclic submodules. As a result, the least cyclic decomposition of Z,, can be written as follows.

Corollary 1 Given Z,, be Z-module where n = p¥'pi*...pi". Then Z,, = @2:1<Hj i pfj ) is the
least cyclic decomposition of Z,.

Now, consider M, (Z,) as amodule over Z (the scalar multiplication is defined by scalar
multiplication with matrix). Then the following definition and theorem give the decomposition
of M,,x,(Z,,) using the decomposition of Z,.

Definition 2 Given M, ..(Z,,) be a module over 7. where n = p]flpgz...pfl. An m X r matrix

N € Myy.(Zy,) is defined as N}, = (a,s) where a,s = Hz#ip? ifr = t,s = u where
1=1,..,L,t=1,2,....m u=1,...,r, and 0 otherwise.

Theorem 3 Let n = p'flp]f...pfl. Then a module M, ..(Z,,) over Z can be written as M, (Zy,)
Dicaven D, Ni,Z where A= {1,2,....m} and B = {1,2, ..., 7}.

C11  Ci2 1,
Co1 (22 Ca,

Proof. Let C = (¢p,) = € Myur(Zy). Letfort = 1,....,m,u =
Cm1 Cm2 ' Cmyp

1,...,7, Cy, be a matrix obtained from C' with the tu-th entry is ¢;, and 0 otherwise. Then C' =

l k; . . . 1 .
Y ote Auep Cru- However, every ¢, = D oicy (] i p;’) which implies Cy, = > ;| i Ny,
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Hence, we have €' = ZteA,ueB(Zﬁzl Ny, ) € D teAueB Zlizl N{,Zwhere A= {1,2,...m}
and B = {1,2,...,r}. Thus, we have M5 (Zn) = > ic s uen S>! | Ni 7. The independence
is guaranteed by Corollary 1, so we obtain M,,,(Z,) = @teA’ueB @izl N} 7. O

The result of Theorem 3 gives us an important tool to view the external direct sum of
modules of integer modulo (modulo of each prime power) such that we can study the module
properties through the module M, «,.(Z,,) over Z. This fact is stated as the following.

Corollary 2 Given a module M,,.(Z,) over Z where n = p’flp§2...pfl. Then M (Zy) =~
Zm @ Bz,
Py P

Proof. Tt is clear that for each i = 1,...,1, o(N}) = pli forallt € A = {1,....,m} and
u € B={1,...,r}. Hence, foreachi = 1,...,[, N}, ~ Zp;_% forallt € Aand u € B. Therefore,

by Theorem 3 we have M, (Zyn) = @,c 4 ven @ _ N Z~77 B. . BL. O
’ pq Py

III. CONCLUSIONS AND FUTURE RESEARCH DIRECTION

Based on the result, it can be concluded that a cyclic decomposition of module M, «,(Z,)
over 7Z can be obtained from that of Z-module Z,, in which each of the summand is generated
by the product of several primes appearing in the factorization of n. For future research, we will

study the form of prime submodules, weakly prime submodules, and almost prime submodules
of Z™ B ... B Z" through the module M, xr(Zy) over Z.
Py pl
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