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Abstract. Let G = (V(G), E(G)) be a connected graph with order |V(G)| = p and size
|E(G)| = q. A graph G is said to be even-to-odd mean graph if there exists a bijection
function ¢: V(G) - {2,4,8,...,2p} such that the induced mapping ¢*:E(G) -

(3,5, ..., (2p — 1)} defined by ¢*(uv) = % vV uv € E(G) is also bijective. The

function ¢ is called an even-to-odd mean labeling of graph G. This paper aimed to
introduce a new technique in graph labeling called even-to-odd mean labeling. Hence,
the concepts of even-to-odd mean labeling has been evaluated for some trees. In addition,
we examined some properties of tree graphs that admits even-to-odd mean labeling and
discussed some important results.
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I. INTRODUCTION

In Graph theory, labeling in graphs remain intriguing and has undergone tremendous
development through research. The first and most famous labeling in graphs is graceful
labeling [1]. At present, there are a lot graph theorist who contributed to the development of
labeling in graphs (e.g. [2-5]). A detailed survey in graph labeling is found in the paper of [1].
Before we introduce the concept of labeling, we first need the following definition of terms.
Connected graph G is a pair of vertex set V(G) and edges set E(G). The cardinality |V (G)| of
V(G) is the order of G and the cardinality |E(G)| of E(G) is the size of G. A walk is a sequence
Uy, Uy, ..., U, OF vertices of graph G such that {u;, u;.,} € E(R,) foreach i = 1,2,...,n.
Vertices u, and u,, are the endpoints of the walk while the vertices u,, us, ..., u,,_, are internal
vertices of the walk. The length of walk is the number of edges on the walk, i.e., the walk
us, Uy, ..., U, has length n — 1. A path is a walk that does not repeat edges and does not end
where it starts, i.e., u; = u, = ... > u,, u; # u,. A path of order n and length n — 1 is
denoted by B, where n > 1. A cycle is a walk that does not repeat edges and does end where it
starts, i.e., u; = u, = ... > u, — u,. Acycle graph of order n and length n is denoted by C,
where n > 3. A tree is a connected acyclic graph or a connected graph with no cycles. A tree
with n vertices has n — 1 edges. The edges of a tree are known as branches, and the elements
of a tree are called nodes or vertices.

For other concepts of graph theory, readers may refer to the following references [7-13]. We
also introduce a new graph in this paper, that is, the H graph. H graph is a tree that compose of
two paths P, and P,, with odd order greater or equal to 3.The two paths is connected by an edge
in the middle vertex of paths B, and B,,. Hence, the order of H graph is m + n; and H graph is
denoted by G = B, < B,,. See the figure below.
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Figure 1. Graph G = B, © B,,.

In the paper of Manickam and Marudai [3], the concept of odd mean labeling of graph is
introduced. A graph G is said to be odd mean if there exists an injective function f:V(G) -
{1,3,...,2q — 1} defined by f*(uv) = |w| is a bijection. On the other hand, the concept
of even mean labeling was introduced by Gayathri and Gopi [2]. A graph G is said to be even
mean if there exists an injective function g:V(G) - {2,4, ...,2q} defined by g*(uv) =
|M is a bijection. Motivated by these labeling concepts, our effort focused on
introducing new concept called even-to-odd mean labeling in graphs. A graph G =

(V(G),E(G)) is said to be even-to-odd mean graph if there exists a bijection function ¢:
V(G) - {2,4,8,...,2p} such that the induced mapping ¢*:E(G) — {3,5,...,(2p — 1)}
defined by ¢*(uv) = M V uv € E(G) is also bijective. The function ¢ is called an
even-to-odd mean labeling of graph G. This new technique is stricter compared to existing
labeling techniques in literature. In this paper the concepts of even-to-odd mean labeling has

been evaluated for some trees. Furthermore, we examined some properties of tree graphs that
admits even-to-odd mean labeling..

1. METHODOLOGY

In this paper, we follow the methodology of the current paper of [14] that is exploratory in
nature. Firstly, we introduced and evaluated a new concept of labeling in graphs, that is, even-
to-odd mean labeling. Secondly, we examined some trees that admits even-to-odd mean
labeling. Furthermore, we disproved that graphs that contain a cycle does not admits even-to-
odd mean labeling and provided a conjecture that some trees can be constructed satisfying the
condition of even-to-odd mean labeling.

1. RESULTS

The following result is a direct consequence of the definition of even-to-odd mean labeling
showing that a path P, where n > 2 admits even-to-odd mean labeling.

Theorem 1. If G = B, where n > 2, then G is an even-to-odd mean graph.

Proof. Suppose that G = B, where n > 2. Then, we have V(G) = {y;| 1 <i <n}and E(G) =
{u;_1u;] 2 < i < n}. Clearly, we obtain |V(G)| =n and |E(G)| =n — 1. Now, we let ¢:
V(G) - {2,4,8,...,2n}. Then, we define the following: ¢(w;_;) = 2j —2 where 2 <j <
n+1 and ¢(u) = 2j where 1 <j <n. Then, it follows that ¢*(u;_1u;) = 2j — 1 where
2 < j < nand induced a mapping ¢*: E(G) - {3,5, ..., (2n — 1)}. Hence, G admits even-to-
odd mean labeling and this completes the proof. [

[llustration. Consider even-to-odd mean labeling of path Ps.
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Figure 2. Even-to-odd mean labeling of Ps.

The following corollaries are quick from Theorem 1 showing the value of the bijection
function ¢ and ¢~*.

Corollary 2. Let G = B, where n = 3. If n = 1(mod 2), then ¢ (un_+1> =n+1
2

Corollary 3. Let G = P, where n > 2. If n = 0(mod 2), then ¢* (ugvn_ﬂ) =n+ 1
2 2

Now, if we let ¢(u), = A where ¢(u) = A(mod 4) V u € V(G) where G = B,, then the
following theorem is obtain.

Theorem 4. Let G = B, and ] = P, ,; Where n > 2. Then, the following holds:

n+1

Z o), = Z @), =n+1 where n =1(mod2)

and
n+1

Z p(U)s = Z @), =n  where n = 0(mod2)

where u; € V(G) and v] e V().

Proof. Suppose that G = B, and | = P,,,; Where n > 2. Then, by Theorem 1, graph Gand
admits even-to-odd mean labeling. And we consider the two cases below:

Case 1. Suppose thatn = 1(mod?2), itis clear that there are "TH of p(w)y = 2 = @(v)4, Where
uevV(G)andv € V(]) Hence, we obtain

n+1

Zqo(uln—zqomn—z( H=n+1

where u; € V(G) and v] e V().
Case 2. Suppose that n = 0(mod2), it is easy to check that there are 2 of p(u)y =2 = V)4,

whereu € V(G) and v € V(]) Hence, we obtain
n+1

Zw(ul)rzgo(v} )4 =2 )

where u; € V(G) and v; e V(]) And thls completes the proof. [

Remark 5. Let u, v € V(G) where uv € E(G). Then, either one of the following holds true:
i. If o(u) = 0(mod 4), then ¢ (v) = 2(mod 4); or
ii. If o(v) = 0(mod 4), then ¢ (u) = 2(mmod 4).

The next Theorem below shows that any H graph admits the even-to-odd mean labeling.
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Theorem 6. Any H graph admits an even-to-odd mean labeling.

Proof. Suppose that G = B, < B,, is an H graph. Then, we consider B, as the first path of G
and B, is the second path of G to have odd order of m = n > 3 and it follows that the order of
G is n+m.Let ¢: V(G) - {2,4,8,...,2(n + m)}. Hence, for the first path B,, we define
@(ui—1) =2i—1where 2<i <n+1and ¢(y;) = 2i where 1< i < n. On the other hand,
for the second path B,,, we also define ¢(u;_;) =2j —1wheren+2<i<n+m+1and
¢(u;) = 2j where n+ 1 < i <n+m. So, it implies that ¢*(u;_,u;) = 2j — 1 where 2 <
j<nand ¢*(u;_qu;) = 2i — 1 where n + 2 < j < n + m. In addition, since n + m is even,
we have @(un+1), =2 and @(vm+1), =0, or @(un+t1), =0 and @(vm+1), = 2. Hence,
2 2 2 2

Q" <Un_+117m_+1) = 1(mod 2) and induced a mapping ¢*:E(G) = {3,5, ..., 2(n + m) — 1)}.
And this completes the proof. [

Illustration. Consider even-to-odd mean labeling of H graph P; < P;.

2 8
3 9
7
4 10
3 11
6 12

Figure 3. Even-to-odd mean labeling of P; < P;.

Corollary 7 below is immediate from Theorem 6 showing the value of induced mapping ¢*
in H graph.

Corollary 7. Let G = B, & PB,,. For any m = n (odd integers), we have ¢* (un_-l-lvm_-l-l> =n+
2 2

m+ 1.

The next results shows that a cycle graph and graph that contain cycles does not admits
even-to-odd mean labeling.

Theorem 8. Let G = C,, where n = 3. Then, G is not an even-to-odd mean graph.

Proof. Suppose that G = C,, where n > 3. Then, we let {u,, u,, ..., u,,} be the set of vertices of
G and {ujuy, uyus, ..., U,_1Uy, Uyuy  be the set of edges in G. This simply follows that
[V(G)| =n and |E(G)| = n. Let ¢: V(G) = {2,4,8, ..., 2n}. Then, consider the following
cases below:

Case 1. Consider n = 1(mod2) and define the following: ¢(w;_;) = 2j —2 where 2 < j <
n and ¢(u;) = 2j where 2 < j <n. Then, it follows that ¢*(u;_;u;) = 2j — 1 where 2 <
j <n. However, if ¢@(u;)=20(mod4),then, ¢(u,) =2(mod4), or if @)=
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0(mod 4), then, ¢(u,) = 0(mod 4). This does not induced a mapping ¢*:E(G) -
{3,5,...,2p— 1}

Case 2. Consider n = 0(mod2). Again, we define the following: ¢(u;_;) = 2i — 2 where
2<i<nande(u;) =2i where 2 < i <n.Then, itimpliesthat ¢*(u;_;u;) = 2i — 1 where
2<i<n. Now, if ¢(u;)=2(mod4),then, ¢@(u,) =0(mod4), or if ()=
0(mod 4), then, ¢(u,) = 2(mod 4). However, ¢*(uu,) =u and 2 < u < 2i —1 where
1 <i < n. This contradicts to the bijectivity of the induced mapping of even-to-odd mean
labeling.

Hence, G is not an even-to-odd mean graph. And this completes the proof. [l

Corollary 9. Let G be a graph that contains a cycle/s. Then, G is not an even-to-odd mean
graph.

Proof. Immediate from Theorem 8. [J

In view of Theorem 8, we arrived an assumption that even-to-odd mean labeling only works
for tree graphs including paths and H graphs. Hence, the following conjecture is constructed.

Conjecture 10. Let k be a positive integer. If graph G with order n > 7 admits even-to-odd
mean labeling, then there exists k trees that can be form such that n < k.

IV. CONCLUSION

It is concluded that even-to-odd mean labeling is stricter compared to existing labeling
techniques in literature since there is only one possible bijection in the induced mapping, that
is, all elements in the domain and co-domain of the function ¢ are all used up. Results revealed
that paths and H graphs admits the condition of even-to-odd mean labeling. We had also
generated some new results regarding the properties of path and H graphs satisfying even-to-
odd mean labeling. In addition, we had shown that a cycle graphs and any graphs that contain
cycle/s does not admits even-to-odd mean labeling.

For future research, one may consider the number of ways in labeling path and H graphs
satisfying even-to-odd mean labeling. Furthermore, it would be interesting constructing k trees
satisfying the conditions of even-to-odd mean labeling in a graph G with order n > 7 such that
n <k.
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